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In this manuscript, we consider the fourth order of the Moore-Gibson-Thompson equation by using Galerkin’s method to prove

the solvability of the given nonlocal problem.

1. Introduction

Research on the nonlinear propagation of sound in a situa-
tion of high amplitude waves has shown literature on physi-
cally well-founded partial differential models (see, e.g., [1-
23]). This still very active field of research is carried by a wide
range of applications such as the medical and industrial use
of high-intensity ultrasound in lithotripsy, thermotherapy,
ultrasound cleaning, and sonochemistry. The classical
models of nonlinear acoustics are Kuznetsov’s equation, the
Westervelt equation, and the KZK (Kokhlov-Zabolotskaya-
Kuznetsov) equation. For a mathematical existence and
uniqueness analysis of several types of initial boundary value
problems for these nonlinear second order in time PDEs, we
refer to [24-44]. Focusing on the study of the propagation of
acoustic waves, it should be noted that the MGT equation is
one of the equations of nonlinear acoustics describing acous-
tic wave propagation in gases and liquids. The behavior of
acoustic waves depends strongly on the medium property
related to dispersion, dissipation, and nonlinear effects. It
arises from modeling high-frequency ultrasound (HFU)
waves (see [10, 12, 34]). The derivation of the equation, based
on continuum and fluid mechanics, takes into account vis-

cosity and heat conductivity as well as effect of the radiation
of heat on the propagation of sound. The original derivation
dates back to [44]. This model is realized through the third-
order hyperbolic equation:

T, + U, — Au—bAu, = 0. (1)

The unknown function u=u(x,t) denotes the scalar
acoustic velocity, ¢ denotes the speed of sound, and 7 denotes
the thermal relaxation. Besides, the coefficient b= fc* is
related to the diffusively of the sound with 3 € (0, 7]. In [44],
Chen and Palmieri studied the blow-up result for the semi-
linear Moore-Gibson-Thompson equation with nonlinearity
of derivative type in the conservative case defined as follows:

Bty + 1y — Au— BAu, = |u, P, x € R, £ > 0. (2)

This paper is related to the following works (see [16, 39]).
Now, when we talk about the (MGT) equation with memory
term, we have Lasieka and Wang in [17] who studied the
exponential decay of the energy of the temporally third-
order (Moore-Gibson-Thompson) equation with a memory
term as follows:
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t
Ty + QU — CAu-— bAu, - J g(t- S)Aw(s)ds =0, (3)
0

where 7, a, b, ¢ are physical parameters and A is a positive
self-adjoint operator on a Hilbert space H. The convolution
term Lt) g(t — s)Aw(s)ds reflects the memory effects of mate-
rials due to viscoelasticity. In [18], Lasieka and Wang studied
the general decay of solution of same problem above. The
Moore-Gibson-Thompson equation with a nonlocal condi-
tion is a new posed problem. Existence and uniqueness of
the generalized solution are established by using the Galerkin
method. These problems can be encountered in many scien-
tific domains and many engineering models (see previous
works [5, 25-32, 35, 36, 40, 41]). Mesloub and Mesloub in
[33] have applied the Galerkin method to a higher dimension
mixed with nonlocal problem for a Boussinesq equation, while
Boulaaras et al. investigated the Moore-Gibson-Thompson
equation with the integral condition in [4]. Motivated by these
outcomes, we improve the existence and uniqueness by the
Galerkin method of the fourth-order equation of the Moore-
Gibson-Thompson type with integral condition; this problem
was cited by the work of Dell'Oro and Pata in [9].
We define the problem as follows:

Uggy + Qlhyyy + Py, — pAu — 5Au,
(%, 0) = 1y (%), 14,(%, 0) = 14 (), tyy (%, 0) = 1y (%), 14y, (%, 0) = 145 (x)

ou [
— = u(&, 7)dédt, x € 0Q.
on JOJQ )

- yAu, =0,

(4)

The aim of this manuscript is to consider the following
nonlocal mixed boundary value problem for the Moore-Gib-
son-Thompson (MGT) equation for all (x;¢) € Q.= (0, T),
where O c R" is a bounded domain with sufficiently smooth
boundary 00. solution of the posed problem.

We divide this paper into the following: In “Preliminar-
ies,” some definitions and appropriate spaces have been
given. Then in “Solvability of the Problem,” we use Galerkin’s
method to prove the existence, and in “Uniqueness of Solu-
tion,” we demonstrate the uniqueness.

2. Preliminaries
Let V(Qy) and W(Qy) be the set spaces defined, respectively, by
V(Qr) = {u e Wy(Qr): u, € Wy(Qr): ty € W5(Qp) )

W(Qr)={ueV(Qr): u(x,T)=0}.
(5)

Consider the equation

(s V)LZ(QT> + oy V)LZ(QT) + Pty V)LZ(QT) - Q(Au, V)Lz(QT)
- 8(Au,, V)LZ(QT)V(A”m V)LZ<QT) =0,

(6)

where (.,.);2(q,) depend on the inner product in L*(Qyp), uis
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supposed to be a solution of (1), and v € W(Qy.). Upon using
(6) and (1), we find

= (thyyes Vt)LZ(QT) - a(uty, Vt)LZ(QT> - By Vt)LZ(QT) + Q(VVNV)LZ(QT)

+ S(Vut,Vv)Lz(QT> - y(Vut,Vvt)Lz(QT)

B QJ:Lf2V<J;JQu(E’ T>d£dT> ds,dt + GJ:J JQ (&, t)dEds, dt

76‘[7‘13949%(5)%%% y < u (&) dfdr) ds dt
( ( ) (x )) +0€(u2(x)’ ( > ))LZ(Q) +ﬁ(u1(x)’v(x, O))LZ(Q)
_y(AUI (x ))
(7)

Now, we give two useful inequalities:

(i) Gronwall inequality: if for any ¢ € I, we have

t

y(s)ds, (8)

0

y(t) <h(t) + CJ

where h(t) and y(t) are two nonnegative integrable functions
on the interval I with h(t) nondecreasing and ¢ is constant,
then

y(t) <h(t) exp (ct) )

(ii) Trace inequality: when w € W3(£2), we have

2 2
[wli2a0) < &llVwliz ) +

l(e)\|w||iz(9), (10)

where Q is a bounded domain in R” with smooth boundary
00, and (¢) is a positive constant.

Definition 1. If a function u € V(Qy) satisfies Equation (3),
each v € W(Qy) is called a generalized solution of problem (1).

3. Solvability of the Problem

Here, by using Galerkin’s method, we give the existence of
problem (1).

Theorem 2. Ifu, €, u; € and u, €, u; €, then there is at least
one generalized solution in V(Qy) to problem (1).

Proof. Let {Z,(x )}k>1 be a fundamental system in W}(Q),
such that (Z;, Z)) ;> ) = 8. Now, we will find an approxi-

mate solution of the problem (1) in the form

= Y Cu(H)Zy(x), (11)
k=1

where the constants C,(t) are defined by the conditions
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Ci(t) = (uN(x, t),Zk(x))Lz(Q),k=1,~-,N, (12)
and can be determined from the relations

(Ui 1)) 2+ %Wt Z1(%) 1 ) + B8t Z21(0)) 12
+Q(VutVZy(%) 12 +8(Vut VZi(%)) 1200y + YV (VOVZ1(5)) 12

,QJ Z x)([ L)uN & dﬁdr) ds, +6L“Z,(x) (l[;'[nui\’(f, T)dfd‘r) ds,
J Z)(x) ([t[ ud 26T d&dr)ds
oo

(13)
Invoking to (11) in (6) gives for [=1,---, N.

L; ;{C‘k(t)zk(x)zi (%) + aCy(1)Zy (%) Zy(x) + BCYt) 24, (%) Zy(x)

+QC () VZ(x).VZ (%) + SCY(t)VZ, (x).VZ)(x) + yc;(t)vzk.vz,}dx

= @g J;Ck(ﬂ (LQZ,(x)L)Zk (E)dEdsx> dr+ 62 J;c;(r)

x <szl | 2 (E)dfdsx> dr + yki j (%)Lﬂzz | 2 (f)dfdsx> dr
(14)

From (7), it follows that

N
2 GO 213+ S GO (i3 26

+ BCUE) (Zi(x), Zy(x)) 2 ) + @Cl(1) (VZiV Z)
+ OC()(VZ(x),VZy(x)) 2

Q)
ot YCut Y(VZ(x):VZ1(%)) )

3
- Q}i [lci ([, 219, ziazas,)
+ 62 JA;CL(T) (LQZl(x)JOZk(E)dEdsX) dv (15)
r3 et o] s
Let
1, k=1
(VZk’VZl)LZ(Q) =VYw (16)

j Zz(x)J Zu(E)dEds =y
00 (0]

Then (8) can be written as

N
Y. Cit)8y +aCi(1)5y + Cilt) (B + yyy) +SCi()yyy
k=1

t
+QC(t)yn — JO (Qck(T)sz +8CL(T) Xjg + YCUT) Xy = 0

N
Z C1)8 + aC(1)8y + CYE) (B + yYr) + Cu1) (Ovia = YXua) + Crl) (@¥is = OXi) Vs — QCi(£) xig = 05

k=1

M=

~
Il

C(0) = (Zp uO)Lz(Q)’ Cl0) = (Zp» ”1(x))L2

Thus, for every n, there exists a function 1™ (x) satisfying (6).
Now, we will demonstrate that the sequence " is bounded. To
do this, we multiply each equation of (6) by the appropriate C;,

'(t) summing over k from 1 to N then integrating the resultant
equality with respect to ¢ from 0 to 7, with 7 < T, which yields

(”}m )

T
+ B(Vu vul )IZ(Q (Vu” Vil )2 @ QJOLOus(x, t)

( NEn dfd'l) ds dt+5J Jmu‘f(x, ) (J;Jnu;v(s’”)dfdﬂ) ds.dt
o[ [ (] ] e ndean s

tx(um ul ) y )+,8(uN,u‘:’)LZ(QT) +Q(VuN,Vu‘tV)L2(Qr)

X

(19)

[C(0)84 + aCi(0)8 + CL(0)(BSu + yyia) + 6CO) 7y + QCi(O)y] =

(17)
A differentiation with respect to ¢ yields
(18)
( )= (Zp ”2(x))L2 ©y it )= (Z uz(x)) 2 Q)
After simplification of the LHS of (19), we observe that
(s 45) 20, = _J (e i) 2 oy
+ (U (1), ul (x, T))L2<Q) (20)
(4 (5. 0), 1 (5,0)) g

oc(ufft, ui\])LZ(QT) = oc(uf,(x, 7), ul (x, r))LZ(Q) - (uft’(x, 0), ul (x, 0))Lz(0)
T
)yt
0

(21)



_B 2 B
Bt ) g, = 3 14 (oDl z() = F 114 (6 O)l[ 2 g
(22)
Q 2 Q 2
Q(V”N’V”?])LZ(QT) =3 [Va (. T)HLZ(.Q) 3 [V, O)HLZ(Q)’
(23)
S(Vuiv,Vuiv) —SJ | Vaiy' (x, ¢ HLZ dt, (24)
V(Vuﬁ\t]’V”lt\])Lz(Q ) %HVu’;’(x, T)H;(Q) - % [Vt (x, O)Hiz(o)

(25)

of [ (J;L)u”@, n)dzdn> dsi=e| e | (e ndeaas

(26)
o [ ([ ] e et .
=8| [ o] v ndes, @)
- 6LQJ:u§V (x, t)JQuN(E, 0)dédtds,,

o e[ ] s
f e[ com)ua

] (| s eomfo

Taking into account the equalities (20) and (21) in (12), we
obtain

+a () (x,7),

(MT”(X T) u; (X’ T))LZ(Q)

—HMN @D )

(um(x 0), ul (x, O)) @ )+tx(u2](x, O),L{f\](x,o))y(ﬂ>
2
+ 2 Huf’(x 0)||L2(Q) + 2 HVuN(x, O)Hv(n HLZ(Q
+ [O(Mft’t, uft’)Lz(ﬂ)dt+0¢[0Hu”(x,t)Hiz<Q [ HVu[ x, 1) ||L2.Q t

+ QJaQuN(x, T)J;JQuN(E, t)dédtds, — QJ J;u (% t)JQu (&, t)d&dtds,

ul (x, T))LZ(Q)

Q 2 Y 2
IV D)) + S Ve T

XHVuN x,0) 2

(29)

Now, multiplying each equation of (6) by the appropriate
Ci(t), we add them up from 1 to N and then integrate with
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respect to t from 0 to 7, with 7 < T, and we obtain

(ui\t]tt’ ui\t’)Lz@ ) + “(”fr]r’ uft])LZ( + [3(”2{’ u{\{)LZ(QT)

+6(Vuy ,Vuy ) 2@, +Y(V”5’V”5)L2(QT>

_ [ N (x, 1) (” W (E, n)dEdn) ds. dt
JoJon 0JQ
ul (&, n)dEdn) ds, dt

|
+yJ0 aoug(x’ t) (JOJ ul (&, n)d{dn)dsxdt.

Q

(30)

With the same reasoning in (12), we find

T
(uft’”, ug)LZ(QT) = —JO ||uft’t(x, t) H;(Q)dt + (ufﬁ(x, ), u (x, T))LZ(Q)
- (“i\t]t(x’ 0)’ u{\t](x’ 0))LZ(Q)’

(31)

N

N _ N
‘x(”m’ Uy

a a 2
_EHuTT(x’T)HLZ(Q) EHug(x’O)HLZ(Q)’

(32)

)LZ(QT)

Bt ) g = B Il e (39

Q(VuN,Vuft])ﬁ(QT) = Q(VuN (x, T),Vui’ (x, T
—(Vu(x,

o [V (5 )

))LZ(QT)

0),Vui\’(x, 0))L2(Q) (34)

8 0
S(Vus,Vuft’)Lz(QT> =3 |Vl (x, T)H;(Q) -3 | Vi’ (x, 0)

HLZ(Q)

(35)
Y(Vuﬁ,vuft])Lz(Q ) = J HVutt x, HLZ t (36)
T N ¢ .
QJOLQ“” (LJQ” (& U)dqu) ds dt
= QJang (x, T)J;JQMN(f’ t)dEdtdsx (37)
— T N N
QLQJOut (% t)JQu (&, t)dédtds,,

of | wite([ | e man) s

= SJ ul (x, T)J uN (&, 7)dEds, — 8[ ul(x, T)J uM (€, 0)dEds,
20 o 0 o

) 8J aQJ ;”y(x’ f)JQuiV (&, t)dEdtds,
(38)
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] o[ oo
= yJaQuf(x, ) Joui\’(f, 7)d&ds, - yLQuf(x, ) Jgui\’(f, 0)d&ds,
- yLQEuf’(x, t)JQufZ(E, t)d&dtds,
(39)

Upon using (31) and (32) into (23), we have

8
(u (1), Ul (%, ‘r))LZ(Q) + EHVuf(x, T)H;(Q)

+o(VuN (x, 7).Vl (x, T))LZ(;

o 2
*t3 [E=1E3 T)HLZ(Q)
T N 2
)~ L””m(x’ t) ||Lz(Q)dt

N (x,0 N w0 - B[ )|, de
+ (1, (%, 0), u 2H”lt(x’ )HLZ(Q) B OHuit(x’ )HLZ(Q)

N (x, 0))L2(Q) +

+0(VuN (x,0),Vuy (x, 0)),. 20 +QJAT||Vut(x, t)”iz(ﬂ)dt
d

T R W LT A

+ QJ.muf (x, T)J:J:_Qu (& t)d&dtds,

ul (x, T)JQuN(E, 0)déds, — SLQJTuf’ (%, t)J )ufv(f, t)dédtds,
0 <
ul (x, T)J ul (&, 7)dEds, - yL ul (x, T)J ul¥ (£,0)dEds,
Q 0 Q

(40)

Now, multiplying each equation of (6) by the appropriate
Ci(t), we add them up from 1 to N and then integrate with
respect to t from 0 to 7, with 7 < T, and we obtain

(”i\rlrr’ Uit ) 120, + “(”?flr “i\t]t)y( + ﬁ(uft] ”fr]r)Lz(QT) + Q(VMN’V”%)

) 12(Q,)
+ 8(V Vum) + y(Vutt Vum)

Q)

f 7) dfdﬂ) ds, dt
un & n dfdn) ds,dt.
(41)

With the same reasoning in (12), we find

1
(ui\t]tt’ uﬁf)Lz(Qr) = 5 H”i\]ﬂ HL2 E Hui\t]t(x’ O) ||L2(Q)’
(42)
T
“(ul{\l{t’ ult\t]t)]](QT) = “JO H ugt(x’ t) ’|i2(g)’ (43)
B ) g = B 10 1) [y~ S O

(44)

5
Q(qu’Vuﬁt)LZ(Qr):Q(VuN( )Vu (%, ))LZ(Q)
— (Vi (x,0).Vu (%,0)) ) (45)
T N N
B QJ (Vi) s g
8(Vu' V) 2 o, :_6[ 1926 (6 £) [t + 8 (Vi (7). (3))
- 8(Vul (x,0),Vup (x, ))LZ(Q)’
(46)
Y Y ;
PV 1 g = 5 19050 D) [ ) = 3 1935 5. 0) [
(47)
T t
(1] o
oJan 0Ja
:QJ i (x, T)JJ uN (€, t)dEdtds, (48)
o0 0102
_QJ u (x, t)J ul (&, t)dEdtds,,
aaJo 0

f o [ )

= (SLQuIT\’T(x, T)JQuN(E, 7)d&ds, - 6Jmu§r(x, T)J
- 8L .ruft](x, t)J utN(E, t)dédtds,
QJo Q

uN(f, 0)d&ds,

0

(49)
of[] it ([ | wintsanasa
) YJ o ’)JQ”IJ(E» )déds, - VLQM’JT (%, T)Jﬂui” (£ 0)déds,

—yJ. ’ up (x, t)J up (&, t)dEdtds,
a0Jo 0

(50)
A substitution of equalities (42) and (43) in (34) gives

L )y + B eI g 0 (9 (e T 5 )
14
+8(Vulf( ),V (x, ))Lz( )+E||Vu¢;(x,‘r)||Lz(Q>

Py
2

1
=5 o 0 (50730

T 2
@ “J()H”ﬁt(x’ t)HLZ(Q)
+Q(Vu (x, 0),Vuty) (%, 0)) 15 ot QL (Vi Vi) 2 ot

+aj 93 ) g+ 8 (T (3 09 (50)) s = [V 0) [

+QLQ J J N(& t)dEdtds, —QLQJ;uiY 63 t)v[QuN(E, t)dédtds,

+<SJ uﬁ(x,T)J uN(f,T)dfdsx—(?J uTNT(x,T)J uM (£, 0)dEds,
20 o 20 o



_6LQJ:”1[\[] (% 1) Jﬂufl (& t)dédtdsy + Jmuﬁ(x, T)L)uf(& 7)d&ds,

T

—yLQuZTVT (x,7) L}uf’(«f, 0)d&ds, — yLQJOuft’ (%, 1) Jﬂuft’(f, t)dédtds.

(51)
Multiplying (22) by A,, (33) by A,, and (44) by A, we get

My (e (3,7, 17 (%, T))LZ(Q)
+ M ||u¢’(x
2

+ Ay (ul(x, 7), ul (x, T))LZ(Q)

T HLZ(Q)

A0 2 /\y A 2
A R e T

+A2( TTT('x T)’uz\;(x T))LZ(Q)

(5 B0 s ) g+ Ao 5 )9 5 )
e R

+A50(Vu (x, 7), Vil (x, T))LZ(Q) + A0 (Vul (x,7),Vuly (x, 7))

Q)

B v )

= A, (g (%, 0), u (x, 0))L2<Q) +Aya(uy (x,0), 17 (x,0)) 12
# 22

@)

||L2(Q)

A A A
IV w0l + (54 ) 9 w0l

+AJ (1 )
0

+<A1a—Azﬁ>L||un<x» 7o)t + (ae =, 6J 9 e )yt

+(A, - Asoc)JTHugt(x, t) HLZ dt+ A (um(x, 0), ug(x, 0))LZ(Q)

(35S e,

+1,0(VuM (x,0),Vuy (x, 0))L2(Q) + (130 - A,p) J (| Vuagy (x, t dt

Mz

A
+ 3 s )l

+)L3Q(VuN(x,0),Vuf,’(x,0)) +A3QJ (V' Vuy), (Q)dt,

A
A (Vi (x,0).Vu (%,0)) 1 - %V 1V (%, 0)|[7

T

+AIQLQuN (x, T)JOJQuN(E, t)dédtds, — AIQLQJ;uN(x, t)
. JQuN(f;, t)d€dtds,
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T

+(A,0 - AZQ)LQJ;us(x, t)JQuN(E, t)dédtds, — A@L J ul (x, t)

0J0

. J ul (€, 0)dEdtds,
Q

+(Ay - AZ(S)J‘;J.aQuf’(x, f) (J'Quf’(f, t)df) ds,dt — AlyJ;LQuf’(x, t)
. (JQu?’(E,O)dE) ds,dt.

+/\2Q.[ uf(x,r)[;[o (& t)dédtds, + A SJ ul(x,T )[ N (&, 7)dEds,

o0

—A26J.muf(x, ‘r)JQ N (&, 0)dEds, +)L2YJ uly

o o] e[

+A3QJ.aQu¢’T(x,T)J;JOu (&, t)dEdtds, - 3QJ J ull

J u (&, 1)d&ds,

Q

J “: (& t)dEdtds,
Q

J uN (&, 1) dEdtds,
Q

+A36LQuIT\’T(x, )JQuN(f 7)d&ds, — 130 J u JQuN (&,0)d&ds,

—A36Ja .rult\t’(x, t)JQuﬁV(E, t)dEdtds + )Lﬂ/LQufT(x, T)J ul (&, 7)dEds,

Q2J0 O

_ASy[ u]TVT(x, T) [ uf’(f, 0)d&ds, — /\3)/J Jtuft](x, 1) [ uf{(f, t)dédtds.
Joo Jo 20Jo Jo
(52)

We can estimate all the terms in the right-hand side of (45) as
follows:

T

M QJBQ uN (x,7) JOJQL{N (&, t)d&dtds,

AQ 2
Sngl (sHVuN(x, T)HLZ(Q) +

I(e) [ T)H;(Q))

48,100 )

0

-MQJ JuN (% t)J uM (&, t)dEdtds,
0QJo Q

Ae (F N 2
STSLHW (6. 1) [yt
i anan | 1 2 4
+—((€)+| |]0€2]) OH” (x’t)HLz(Q) t,
(AIS—AZQ)J J uﬁv(x, t)J uN(E, t)dédtds,
00Jo (0]

< (A6 +X,0)

Z(SJSHVqu(x,t)HLz dt+1(e f0||ut X, )”Lz dt)
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Lo+ AZQ) it

0] [0

_}\ISJ JTuf](x, t)J uN (&, 0)dEdtds,

00Q Q

A

A ([ ol g0 0l )

+% 911227 [ (%, 0)| |1,

T

/\ZQJBQ ul (x,7) JOJQuN (&, t)dédtds,
A0 2 l 2
e GRS <l L

A T
+%Qsz|Q||BQ|TJ [ ()5,
0

2
HL2 Q)

AZSJ ul(x, T)J ul (&, 7)dEds,
20 Q

SM (sHVuf(x,

2 2
2, T)HLZ(Q) +1(e)[Jur (v, T)HLZ(Q))

1,0
+%83|Q||69|HuN(x, 7)

2
||L2(Q)

—A25J ul(x, T)J ul(&,0)dEds,
20 Q

A8 2 2
<7 ( Vi (2,7 HLZ(Q) +1e)[Jur (x, T)HLZ(Q)>
+%s4|ﬂ\|aQ|HuN(x,0)

2
HLZ(Q)’

Ay - /XZS)LQJOqu(x, t)JQufl (&, t)dédtds,

Ay +1,0)
<o) J 1938 (5, £) [

Ay + A0 T
+%(l(8) + |Q||aQ|)JOHu§V(x, t)”iz(o)dt, (53)

—Alyﬂjaguﬁv(x, f) (Jﬂuf’(ﬁ, O)dE) ds, dt

A
< ;Y(ant 0| gt + (e JHut %t H;(Q)dt>

A
+21010)100 T ) (5, 0) |,

)LzyJ uf(x, T)J uIT\](E, 7)d&ds,
F1o) Q

A

4 2 )
Szigs (SHV"’IT\](’C’ T)HLZ(Q) +1 S)Hui\](x, T)HLz(Q))

Ay v Z—AJN JNOdd
+ 28| Q1[0 Y (3,7 [ Y [ e (0T | (G 0)dSds,

1) [ (5,7 [ )

Ay 2
< (el V2 (e ) 2+

A
22 oo 0) |

—/\ZyLQ ruf’(x, t)Jng(f, t)dédtds,

JO

SMSJ [958 5, ) 2 gt + 222 e JHut (602 gt

+ T|Q||aQ|J | ety (x, t)||L2<Q>dt,
0

A’?’QJ uﬁ,(x, T)JTJ MN(Ei t)dEdtde
o0 00
A Q & 2 l(S) 2
< % (;HV”IT\]T( ’T)HLZ(Q) + 8—7Hulfvf(x, T)HL2(9)>

A, T
e ne i NECE A
0

—)L3QLQJTuﬁ(x, t)JQ ul (&, t)dEdtds,

A
< ;Q< J [Vl (x, 1) ”Lz<a dt +1(e J |ty (x, £) ||LZ(Q>dt>

2
+ 200 [ (s ), e

)\38J ul (x, T)J u (&, T)dEds,
00 0
A0 2 2
< 30 (T DIl o +1@ (5 D )
1,8
+ 2= 6121100 " (2, 7)| 2
(54)

—/136J ul (x, T)J ul (£, 0)dEds,
20 o

2 2
T)HLZ(Q) +1(e)ure (x, T)HLZ(Q))

1;8
+ 789\Q||E)Q\||uN(x,0)

< 2 (e vuitx

2
||L2 Q)
(55)

A 8J J i (% )J u?](f, t)d&dtds,
(0}
N
< 7( J 1938 ()7, gt + Ko J Yo )| O)dt>

- 1000 5 )} g e



Aﬂj uJTVT (x, T)J ulf (& T)dEds,
20 Q

_y (sHVuIT\]T(x 7)|°

)HLZ Q)

A
+—810|Q|‘aQ|Hu (67|12

—/\3)/LQ ufT (x,7) JQ ufl (&,0)déds,

< M (sHVuITVT(x T 2
11

HLZ(Q) +

A
" %ysulﬂl\aﬁll}”?(x’ O)Hiz@

—)»ﬂLQJTuﬁ (%, 1) L} ul (&, t)dEdtds,

Ay
s _ej [zt HL2 dt

l£)||u1;’r(x

le)HuIT\’T(x

2
T)HLZ(_Q))

(56)

2
T)HLZ(Q))

A
+ 20 + |o||ao|>jo|\uii (5

=

<,\(

pre( T)HLZ(Q) )

-r-r-r(x T)’ ulr\j(x’ T))LZ(Q)’

N 2 A

A
SJ[ZAER T)HLZ(Q)

‘7“”

<A ( TTT('x T)’uﬁ’(x’ T))

— MHMN

)
<A oc( (% 7), uN(x,T))LZ(Q),

/\ Qs 2 A0
= HV ||L2(_Q) .

S)ng(Vu (x, 7).,V (x, T))LZ(Q),

A,0¢ 2
_% [vu T)HLZ(Q)

< A0V (x, 7), Vil (x, T))LZ(Q),

As8ey,
2

< A38(Vud (x,

[Vl (x, T)Hiz( A 8814

T),Vul;; (x,

[Veire
))LZ(Q)’

Ay (e (3, 0), (6, O))LZ(Q)

jHum X O)HLZ(Q)

%Hulfr(x T

LZ(Q))

_ M0 ||Vu¢’T(x T
2¢5

)HLZ(Q)

2
7) HLZ(.Q)

2
- EHV“IT\I(’C’ T)HLZ(Q)

2
HLZ(Q)

2
% 1) HLZ(Q)

+ ?1 [EAes O)HEZ(Q)

" H”N(x’ 7) Hiz(g

mzHurN(x’ T)”;(Q) < mzHuf’(x, t)Hiz(Qr)

m3||ulrvr(x’ 7) HEZ(Q
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Ala(uﬁ(x, 0), ul (x, 0))L2(Q)
Aoy n

2
< 5 e Oz + = 14 G0 )

A2 (u{\t]t(x’ O)’ u{\t]('x’ 0))L2(Q>

}L
= H”ttt HL2 0 : Huft'(;c, O)Hiz (o)
(®)] 2 Q)

A,0(Vul (x, 0),Vuy (x, 0)),. 2@ )

g79|‘VuN x, 0 HLZ +—QHV“ x,0 HL2

A3Q(VuN(x> 0)’Vu1t\g(x’ 0)) X(Q )
A,
< 7QHVu (x,0) HLZ( + —QHV”n (%, 0) HL2
A8 (Vay' (x,0), Vg (x, 0))L2(Q)

) A (8)
< 735HV“?](’C’ O)HIZ,Z(Q) + jgéHvulf\fl(x’ O)Hiz(ﬂ)

T A (7
b ) 3 | e

0 (59)

A
+7hmﬁth dr,

A3QJ (Vuy Vutt) dt< Ase J (| Ve (x, 1) HL2 dt

/\
222t )

(60)
Combining inequalities (46)-(79) and equality (45) and

making use of the following inequality:

< [ (x, t)HiZ(Q,) +my || (x, t)||i2(Qr)

+my | (x, O)Hiz(o)

| (e )1

+ my ||y’ (x, O)Hiz(o)

) < ng”uﬁ(x, t)Hiz(Q,) + m3H”ﬁt(x’ t)”iZ(Qr)

s | (x O)Hiz(o)

2
9652 g < 9 )

+mexﬂb)+qu&0m®

mﬂ%ﬂxﬁ”é <mmW1xtHP

(61)

+m5HVutt X, t HLZ +m5HVut X, 0 HLZ
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where
A A A
1,0 ;0 +{%Q F m‘*}HWN(x’ O]
my = == &| Q|00 + =~ £5|2/|00], A 8 A 1.8
2 2 +{%Q+%+%+L+m5}||Vuf7(x,0)Hiz<Q)
B0 A1 I 0 (06), oy o
e P ‘o P +{ ;Q+ 2 3))}HV tt ||Lz
2Y Asy A
7% + —-elQlo0)+ 5 T 5
6 +(y, +my) Hu (x,t)HLz(Q)dt
0
_helle), A316) | 310 | Aylle) | Asye)
T2 2 ¢ 2 ¢ 2 ¢ 2 e ’ 2 r
R 7 N 3 9 10 11 +(y2+ml+m2)J Hu?’(x, t)HLz(Q)dt+(y3+m2+m3)J
2 Mo 0 0
> 2
22 [l t)HLZ(Q)dt
A A A
my = 1Q 1Y - 29813’ A . .
281 2 2 +{21 +A2—/\3(x+m3}J Hui\tf[(x, t)HLZ(Q)dt
_Mee /\26 e Mde Mye Mye Ao Adey, A
5—75 T€+75+TQ+T§+E+ 3 +{;Qg+m4}J HVM X, t HLZ dt
(62)
we have +(yy +my+ms) J HV”t (x HL2 dt
(63)
AQ 2 ﬁ N
A 5 s+ 2 i e[ 9
Lo AB )
= +2t Hufr(’@ T)HLZ Q where
\2 772 (@
A A AIQ £, T|Q||902 IQ Q|0
__1 2L )| £||VuN(x i Y= |Q2[]00] + —=(I(e) + |2[]002])
2 fm e g e LS+ A
¥ (%) 10]jo0] + —52T|Q||aQ|
Ay A6 N 2
S SRR 4 ALl P A a0+ 20000,
¢ 2
Aee A /\88_/\3ys_/\3ys_)tzg A Ay
+{ 28 28 2& 2e, 26, 26 26, 2}

[V T HLZ(Q)

S{A;_‘S 1Q)[0QT + ?monam + ?sgmnam + ml}

[l O)HiZ(Q)

Ay A A
{ \Q\|6()|T+— G\QHBQH—e“\QHa.Q|+—1+—a+—ﬁ+m2}

2

[l O)HLZ(Q)

fre (e

2 [
2
+ {— + 72 f}”um x,0

i@

2
) +m3}||u" x,0 HL2(Q)

M8+, AS My +2A,68
n= (A1) o 2000 (120 )+ o)

A A 1,8
+ 06+ 2V 1) + 220100,
2 2 2

0 A8 A
vy= 2 1000+ 2206 + 221(e) + Y 1(e) + 02
— +()L1(x—)t2/3),
. (A16+AZQ)€+ LI ()Lly+/\28)€+ My, Ay,
2 2 2 2 2
A50
Tt (A p = A,0),
I 150
= e e 22 (o- by (64)
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Choosing ¢, €5, €9, €19 €11> €113 and &, sufficiently large

hee Ade Ade dye dye Ad de

>
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<D {1066 ) g+ 198 0+ 14

2 e, 2 28 2&, 28, 28, 2513 2 ,
(65) +||V”t (%t HLZ + Huft](x, t)HLZ + Hvutt (x t HLZ
the relation (80) reduces to * Hut” *1) HLZ(Q) }dt
2 2
{1 o) [y + 198 ) [ + 182 G #D{ [ (5, 0y [ 5 ) [y
+ Vu (%7
| HL2 | (x, O)Hiv;(o) + [ (3 O>H22(Q)}’ (66)
2 2 2
+||uzr\/'r(x T)HLZ(Q) + HVMZ;IT()C, T)HLZ + ”urrr T)HLZ(Q)} where
max {(A,6/2)|Q|[0Q|T + (1,8/2)&,]Q|[00] + (A36/2)ey|Q2]|0Q| + my, (A,/2)|Q||0Q|T + (A,/2)e4|Q| |00
+(A312)e1|Q)[0Q] + (A,/2) + (Aya/2) + (A, B12) + my, (A,12) + (A a/2) + (A,a/2) = (A3 8/2) + m3, (A1/12) + (A,/2) + (A5/2)

(Me/2) +

(A,0/2) + (A30/2) + my, (A,0/2) + (A36/2) +

(AL p12) + (A,6/2) + ms, (A30/2) + (A38/2) = Azy12,

Py ML Y, + My, Yy + My + s, (A2) + A, — Aya+ m,

(M0/2)e + my, y, + my + ms, ys + ms}

min {(A,0/2¢))l(¢), (A, B/2), (A,&/2) +
A3l2 = A 12 = A,12, M012, (A y/2) +
(430/2)(eleg) = (A3¥12)(elesg) =

~(As/2)(efe) ~ (As312) (eley) -

Applying the Gronwall inequality to (60) and then inte-
grating from 0 to 7, it appears that
16 Oy #1046 Dy + i 1
> IwQ) A AIwQ) A W@
£DeDT{H“o(x)||%v;(o) + H”l(x)”%/vg(o) + ||”2(x)|‘iz(o) + ||”3(x)|‘iz(9)}-
(68)

We deduce from (84) that

+ e [y 0, SA-

(69)

+ | 0|7,

2
[ 6)][ wl(Q,)

w2<QT)

Therefore, the sequence {u"} ., is bounded in V(Qy),
and we can extract from it a subsequence for which we use
the same notation which converges weakly in V(Q) to a
limit function u(x, t); we have to show that u(x, t) is a gener-
alized solution of (4). Since u™ (x, t) — u(x, t) in L*(Qy) and
uN (x,0) — {(x) in L*(Q), then u(x,0) = {(x).

Now to prove that (3) holds, we multiply each relation in
(15) by a function p,(t) € W}(0, T), p,(t) =0, then add up the
obtained equalities ranging from /=1 to / = N, and integrate

(L,B12),
(L,072),

(A3pl2)(eleyy) — A,0128,5 — 13812814 — A3y/2}

(67)

over t on (0, T). If we let ¥ = Y3 p,(£)Z
_a(uf{,ny)Lz(Q

(V) o + (V) o =Y (VR g

] e[ )

r]N X, t

" 5LQJOT;1N (x t)JQuN(E, ) dEdtds,

o] [,
T

- N NE dE \ds.d
%WJ(Lu@oQ%r

T
(oo
=y (A (x,0),7(0)) 12

(%), then we have

_(ult\it’ UiV)LZ(QT) ) ﬁ( M )L2 (Qr)

)
uN(E, 0)dédtds,
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+(u£\t]t(x’ 0)’ nN(O))L2<Q) + a(uft](x’ 0)’ WN(O))Lz(Q)

S (70)
+ ﬁ(utt (%, 0), 17 (O))LZ(Q)’

for all 7 of the form Y}, p;(£)Z;(x).
Since

||| (0@ - uie m)dee <TI0 - ],
Q

0

u (§1) -
T 5 172

< IQl(J (7" (x,1)) dt) H”ﬁ””t”ﬂ(%)’

T
[ 7] &0 - (e 0))de
<[ 0 0)) 0

u, (&, t))dédt

||uN—u||L2<QT) — 0, asN — o0, (71)

therefore, we have

QLQJ:nN(x, t)Jt JQuN(E, T)dédrdtds,,

0

- QJaQJZq(x, t)Jt Jou(ﬁ, T)dédrdtds,,

0

SLQJ:qN (x, t)JQuN(f, t)d&dtds,,

R aLQ J Zn(x, t)JQu(s, ) dEdtds,,
(x. 1) 5

5 J - J oT"N t J uN (&, 0)dEdtds, "

T
—— J n(x, t)J u(&,0)d&dtds,
20Jo Q

—YJT nﬁ“ (J ul (&, t)df) ds,dt,
0J aTQ (0]

] f o] o

] (] o)

- ymmm (Lu(ﬁ, O)d£> ds,dt.

Thus, the limit function u satisfies (3) for every " =
Y pi(£)Zi(x). We denote by Qy the totality of all functions

11

of the form #N = Y1, p,(£)Z;(x), with p,(£) € Wi(0,
)=0.

But UY,Qy is dense in W(Qy), and then relation (3)
holds for all ue W(Qy ). Thus, we have shown that the limit
function u(x, t) is a generalized solution of problem (4) in

V(Qyp).

4. Uniqueness of Solution

T), py(t

Theorem 3. The problem (4) cannot have more than one gen-
eralized solution in V(Qy).

Proof. Suppose that there exist two different generalized solu-
tions u; € V(Qy) and u, € V(Qy) for the problem (1). Then,
the difference U = u; — u, solves

U,y +aU, + BU,, —0AU - SAU, - yAU,, =0,

U(x,0)=U,(x,0) = Uy(x,0) = Uy, (x,0) = 0

ou_ Jt Lu(s, 7)dEdz, x € 30,

0

and (3) gives

~(Uupv )LZ(QT) a(Uys Vt)L2(Q ) - B, Vt)LZ(QT)
+Q(VU V), +8(VU V) 2@y -y(VU,Vv,)

(J u(€, 1) dEdT) ds,dt
a0 \Jo
5J J " Jau (& t)déds, dt - JTJant <JQuT(E, t)dfdt) ds,dt.

L }(Qy)

+
(74)
Consider the function
J U(x,s)ds, 0<t<T,
v(x,t)=q J¢ (75)
0, 7<t<T.

It is obvious that v € W(Qy) and v,(x, t) = —U(x, t) for all
t € [0, 7]. Integration by parts in the left hand side of (75)
gives

1
o V) 2(q,) = (Une(67), U 7)) 12 ) = 2 U (% T)”iz(o)

(76)

(Ui ) = U, U )~ ] 1050l

(77)

~BUbv)pq,) %) 720 (78)
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Q
VU)o, = 5 [Vv(x, O)Hiz(o)’ (79)

O(VU )0, =0 1700 st (80)

Y
_V(VUt’VVt)LZ = 2 HVU(x, T)HIZJ(_Q)’ (81)

(Qr)
Plugging (76)-(95) into (88), we obtain
(Ure(%,7), U(%,T)) 2 ) + (U (%, 7), U (X 7)) 2

g
+ U

Q
)T 3 Vv (x, O)Hiz(o)
Y
+ EHVU("’ T)HiZ(Q)
T T
=ajo||vt<x, t>||iz(mdt—8jo||\7vt<x, )2t
T t
+Q v(JJ U(s, T)dfdr) ds,dt
0JoQ 0JQ

+6 VJ U(E, t)dEds,dt
00 JQ

-y v, (J U(¢, t)df) dsdt.
JoJao Q

Now, since

1 2
- EHUT('X’ T)”LZ(Q)

(82)

V(% ) = <JTU(x, s)ds)z STJ;UZ (x,5)ds,  (83)

t

then
IVI220,) < 71022 q,) < T2 N UlI22(q,)- (84)

Using the trace inequality, the right-hand side of (96) can
be estimated as follows:

oo

< ST20e) + 10020} 1V Ol gy + S 19

J J v[ U(&, t)dEds,dt < —{T2 + \Q||6Q|}J [|U(z, )Hiz(_o)dt

0
6
e[ 190t 0o e

J J <J U(, t)df)dsdt:YJTLQV(JQUt(g, t)df) dsdt

s
+ ESHVV”Lz Q)

I 2 2
zl(s)T 1Ull22(q,)
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Combining the relations (98)-(101) and (96), we get

(Ure(6:7), U 7)) ) + (U (% 7), U, 7))

() 20

B 2
+ EHU(’C’ @)

+§||Vv(x, 0)|12

Y 1
20 * 5 IVU(x, T)Hiz(o) - E”Ur(x’ 7)|;

HLZ(Q)
Lm0 + 10100 + S (Te) + 10100 + i) T
< ST(U(e) + (21100 + 5 (T1(e) +(21[002)) + L1(e)
: LHU(x, )t
QlloQ 1
+<a+Y|"> qu( £)[12 0t + jnUn(x, £)|[2 ot

Q+6+ T
+< : y)gj | Vv(x, t)Hiz(Q)dt. (86)
0

Next, multiplying the differential equation in (73) by U,,,
and integrating over Q, = Q x (0, ), we obtain

(Utttt’ Uttt)Lz(QI) + ‘X(Utw Uttt)LZ(

Q) + /3(Utt’ Uttt)LZ( Q,)

— Q(AU, Ufff)Lz(Q,) - 8(AUt Uttt)LZ< ) Y(AUp Ut[f) ( ) =0.
(87)
An integration by parts in (102) yields
1
(Uito Unt)(q) = 5 | Uere (5 D120 (88)

T
a(Uyys Uttt)LZ( _“J U e (%, )”iz(o)dt’ (89)

o)

BUi Uiz g = 5 1Uec (6 D0 (90)

(AU, Uyyy)12(q,) = QVU(%, T),VU . (,

@)= Do)

- AU (60 g - Qj Uy (0 7)
00

( U, ) dEdn) ds,
wf o]

O(VU, (%, 7). VU (% ))LZ(Q)
- (SLHVU,,(x,) oyt = 8Lo U, (x,7)
J U(£,T)d§dsx+6JTJ U(x,t)
o 0Jaa
J U,(& t)dEds,dt,
o

(&, t)dédtds,,
(91)

~8(AU, U) (g, =

(92)
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V(AU U, = LIV >Mm»—yLQUﬁuno

J U. (& T)dfdsx+yJTJ U (1)
Q 0J 00
J Uy, (&, t)déds,dt.
Q
(93)

Substituting (88)-(108) into (102), we get the equality

1
3 [ Uree (%, T)Hi?(_o) *t3 [Ure(x T)Hiz(o) +Q(VU(x 7). VU (%, 7)) 12 q)

Y Q
(VUL (6 1) VU (6 7)) ) + 5 VU (6 D)) = 5 VU013

=—a[7|\Um(x, O+ 8] V0,05 o
[ U, <J [ U n)dqu) ds, —QJ JO Uy (x, t)'[OU(E, £)dédeds,
J U (ot j (€, 7)dEds, - J;Lﬂ U, (x, t)JQUt(E, f)dEds, dt

J Upe (% TJ (& 1)dEds, - J;LQU“(X’ t)JﬂUt,(E, t)déds dt.
(94)

The right-hand side of (109) can be bounded as follows:
of vntn)([ ] v maan)as
20 oJa
Q
< ? (8||VUTT(x’ T) Hiz(o) + l(S)H U‘r‘r(x’ T) Hiz(ﬂ))

1
Qmaqal[ U 1% dt
& T[0Q| |o” (%, )HLZ(Q) >

o et

| {el7Uas 01 0, + 1OV 5 s

Q T
+ E|Q||aQ|J |U(x, t)||§2(9>dt,
0

U(E, t)dEdtds,

<

NS Ye)

SJ U"(x,‘r)J U(&, 1)dds,
oQ o)

8
< 2 (EIVU ) +

2

Clmel

)
+ 5 &TI0/02[|U (% 7)1q

T ) T
< —SJOHVUH(X, t) Hiz@))dt + EI(S)JO|| Utt(x’ t)”iz(!))dt

8 T
+ §T|Q\|8Q|J 1U (5 £) 2 gyt
0

—8J;LQ Uy, t)JQ U, (&, t)dEds, dt
0
2

13

yJaQ U‘r‘r (x’ T) JQ U‘r (E’ T) dédsx

4
< L (el VUL (D)l g +

3

(Ve (5, 7) )

Y
+ 5 8TI0)0QY||U- (% 7) |72

Uy (x, t J U, (& t)déds, dt

V
5<4waom e e[ VU, o )l o
Y
« L0 [ 10, (5. .
0

(95)

So, combining inequalities (110)-(115) and equality
(109), we obtain

1 2 B e g 4 2
3 10 Pl + {5 - a7l 310~ 306 [V x Pl

8
*fsTIQIIaQHIU (6 D)1z = 5 ST U 7) 72

y e 9o 2 Q 2
YoRe 2 Y elivu, - QU (x,
{3 e shem eIl - IV Dl

+(VU(x, 7),VU . (, T))L2<O) +8(VU,(x,7),VU,, (X,T))Lz(o)

! 2 e q y Y
<] [V )t + 5106) + 510) + SHe) + TTI00)
j 1Uua ()]

Q Q '
+{JelTiacya)+ 5 \Q||BQ\}JOHU(x, D720t

6 T
+ 51100 U, )

Jo
+{ 6+ gs+ §s+ Xs I‘T||VU (x,)||2Z dt.
272 2 ), T

Adding side to side (101) and (116), we obtain

B 6 1
{5 - Seimaparh i g +{-5 -

%ﬁmwm}
U )

B @ s vy } 2
+_ T - = (&) =I(e)— — I(e U_(x,1)||52
{53t He) s = L1 {1V
1
+ E”UTTT( )HL2

HUpg(60), U 1)) o) + (U (57, U ) g

Q 2
5 [Vv(x: 0)[|72(q)
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+(VU(x, 7),VU . (
+8(VU,(x,

7)) 20

VU, (6 7))

4
L Ivu ) g

0
+{z_g,£ o
2 2e) 28

Q 2
- EHVUT('X’ T)||L2(Q)

Y
- L eI ol

3

Q
<{Seimaniial+ J1al00 + ST + j0)]00)

+ g(Tzl(s) +10[|00))

Y (" 2
LT} [ e g

Mrelitle: '
o (we LR ey (1,65 o
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Now, to deal with the last term on the right-hand side of
(117), we define the function 0(x, t) by the relation

(97)

O(x,t) = Ji U(x, s)ds. (98)

0
Hence, using (89), it follows that

v(x,t) =0(x, 7) = 0(x, t), Vv(x,0) =VO(x, 1),

||VV||22(QT) =[|[VO(x, 7)-VO(x, t)”iz(o)

< 2719805 1)) * V06 D2 g, )-
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And we make use of the following inequality:

o a
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(100)
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choosing €, ¢&,, &, &,, and &, sufficiently large:
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Since 7 is arbitrary, we get that ¢/2—7e(@+8+y) >0
thus, inequality (117) takes the form
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S{yi + ml}JOHU(x, t)||iz(9)dt + (y;+ m, + mz)J
U (% t)”i%n)dt

0 +s<g+a+y>j0|w9<x, 1) 3 0t

T T
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where
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(105)
where
max {(yi+m1), (y;+ my + mz) LYyt My + My, My — a, my
4
D » My + s, (8/2)e+ (p/2)e +€(Q/2) + 8 + ms, (@ + 0+ 9)} (106)
min {(ﬁ/z), 12, ,(y12), {y/Z - (Q/zsi)s ~ 8/2e, - (y/zs;)e — Ql2el - 6/25;},
,{0/2-1e(@+8+y)}}
Further, applying Gronwall’s lemma to (133), we deduce We proceed in the same way for the intervals 7 € [((m
that —1)0/2e(@+ 8 + 7)), (mo/2e(@ + 8 +y))] to cover the whole

interval [0, T, and thus proving that U(x, 7) =0, for all 7 in
, , , , [0, T]. Thus, the uniqueness is proved.
UG D)2 0) + 1U206 D2 i0) + 1V (6 )20y + 1 Ve (% D)l 1200

VU D)) + VU6 1) [F2(0) + VU (6 7) 72 + VO D32 5+ Conclusion
<0Vre [O #} . In the study of the propagation of acoustic waves, it should be

"2 5 : ..
elpro+y) noted that the Moore-Gibson-Thompson equation is one of
(107)  the equations of nonlinear acoustics describing acoustic wave
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propagation in gases and liquids. The behavior of acoustic
waves depends strongly on the medium property related to
dispersion, dissipation, and nonlinear effects. It arises from
modeling high-frequency ultrasound (HFU) waves (see [10,
12, 34]). In this work, we have studied the solvability of the
nonlocal mixed boundary value problem for the fourth order
of the Moore-Gibson-Thompson equation. Galerkin’s
method was the main used tool for proving the solvability
of the given nonlocal problem. In the next work, we will try
to use the same method with the Hall-MHD equations which
are nonlinear partial differential equation that arises in
hydrodynamics and some physical applications. It was subse-
quently applied to problems in the percolation of water in
porous subsurface strata (see for example [45-48]) by using
some famous algorithms (see [49-51])
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