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and Results for 3-Dimensional

Abstract

New formulas are derived for once-differentiable 3-dimensional fields, using
the operator [Xng yi+ ZQJ . This new operator has a property similar
ox "oy oz

to that of the Laplacian operator; however, unlike the Laplacian operator, the
new operator requires only once-differentiability. A simpler formula is de-
rived for the classical Helmholtz decomposition. Orthogonality of the sole-
noidal and irrotational parts of a vector field, the uniqueness of the familiar
inverse-square laws, and the existence of solution of a system of first-order
PDEs in 3 dimensions are proved. New proofs are given for the Helmholtz
Decomposition Theorem and the Divergence theorem. The proofs use the re-
lations between the rectangular-Cartesian and spherical-polar coordinate sys-
tems. Finally, an application is made to the study of Maxwell’s equations.

Keywords

Spherical-Polar Coordinates, Helmholtz Decomposition, Divergence
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1. Introduction

In this article, the following new formula is derived, where f:R* >R isacon-
tinuously differentiable function which vanishes at infinity:
X a +y a +1 a

X Oy - dxdydz,

[(x=a)" +(y=b)" +(z—c)" |

where the derivatives are evaluated at (X, Y, Z) , (Theorem 4 below); three other

(1

1
f(a,b,c)=—4—fRS

T

properties (Theorem 5) are also proved.
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Using these results, the following formula is proved (Theorem 9 below) for a
3-dimensional continuously differentiable vector field, ie., a continuously diffe-
rentiable function F:R®—>R®:

F(a,b,c):—insrig[(v-F)r—rx(vXF)]dxdydz, )

assuming lim_,, F(rsin@cosg,rsingsing,rcosd)= 0, uniformly for all

0<0<n, 0<¢<2n,where r denotes the vector from (a,b,c) to (X,2),
or a relative position vector, and r denotes its length (briefly, Fvanishes at infin-
ity). Further, v.F and vxF are evaluated at (X,y,Z). This formula re-

quires only one integration.
A formula similar to (2) appears in Stokes [1] and Blumenthal [2]; Blumenthal

1
has “grad (?j ” in place of our ¢ Lz ”. Stokes (using modern notation) is looking
r

for a vector field F such that VxF =0, and v.F is a specified function
which vanishes outside a “finite portion of space”. He next seeks a vector field G,
say, which has zero divergence and has, as its curl, a given function whose di-
vergence is zero. The sum F +G then has the specified divergence and curl.
Blumenthal assumes that the first partial derivatives of the vector field also va-
nish at infinity; he then proves uniqueness up to an additive constant function.
Finally, his proof technique is different from ours, using Green’s theorem, among
others (see [3] [4] [5] for surveys of the Helmholtz Decomposition. Stokes’s work
preceded Helmholtz’s).
We also prove an extension of (2) for the “bounded” case (Theorem 12).

Compare (2) with the formula given, without proof, by Jefimenko [6]:

V(V-F)-Vx(VxF
F(a,b,c)=—4—1an3 (V-F) r “(V2F) ey 3)

which requires differentiability of v.F and v xF, and a stronger “at infinity”
condition, namely, lim,  F (r2 sin@cos g, r sin@sin ¢, r* cos 0) =0, uniformly
forall 0<o<n, 0<¢g<2m.

Another related formula [7] [8] [9] [10] [11], often called the “Grad-Curl

Theorem” [9], is:

1 V-F 1 VxF
F(ab,c)= V(_EJ.RSTdXddeJJFV X(EL@TdXdde]' (4)

Its proof requires the vector field to be twice-differentiable in [7] [8] [9] but
only once-differentiable in [10] [11], and the stronger “at infinity” condition to
hold in all these references. All three formulas above immediately prove (a part
of) Helmholtz’s Theorem which state that a 3-dimensional vector field is uni-
quely determined by its divergence, v.F andcurl, vxF.

Denoting the two “parts” of Fin our Formula (2) above by F, and F,_,
(we will often use dV to denote volume integration), namely,

F.(ab.c)= —%jRgr%(v. F)rav,
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FVX(a,b,c):i Feslrisrx(vXF)dv,

we show (Theorem 16), without requiring twice-differentiability of £ that:
V-F, =V-F, VxF, =0,
V-F,.=0, VxF, =VxF.

F,. is usually called the irrotational or lamellar part of F, and F,_ the sole-
noidal part of F. We also show (Theorem 17) that these two parts are orthogon-

al, ie,

IRa(F )dV =0,

so that the decomposition implied by our Formula (2) is a “complementa-
ry-orthogonal” decomposition. In fact, we show a stronger result, namely, the
irrotational part of one field is orthogonal to the solenoidal part of any field.
This result may be related to Tellegen’s Theorem of Electrical Network Theory.

Further, we show that the “corresponding” parts in the three Formulas (2), (3),
(4), are all equal; thus:

_ 1 V(V-F) (__ V-F j
F. = 4an3—r v =v|-—[, "y ()
,:W:ij'gmdv:v{ijgﬁdvj. (6)
4r R r 4R

This follows from three new Formulas (Theorems 13, 14, 15 below) regard-

ing integrands with v, v.,and vx operators:
1 1 "
Jeo 7 V1= [ s [T,

1 1.
J.RsF[VX A] = R3r—3[r XA],

o3 [veAl= [, 51 A)

Formula (4) is usually written more compactly:
F=-Vp+VxA, (7)

where ¢, called the scalar potential associated with £ and A4, called the vector

potential associated with F are given by:

1 VxF
¢_—jR3—dv A=

3
R r

dv. (8)

We derive interesting alternative expressions for the potentials which do not
involve any v, that is to say, differentiation operation, namely:
1

¢__f (F-F) A_E (T xF). ©)

These expressions seem to be new.
Of course, in the classical formulas above, the recovery of Fis from its diver-

gence and curl as sources, but not directly; it involves potentials as intermedia-
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ries, whereas in our formula, the recovery is more direct.

The proofs of Formula (4) in [7] [8] [9] use the Laplacian operator v,

namely:
2 2 2
V2=%+%+%, (10)
X z
and its property:
o*f ot o f
f(a,b,c)= ! 67+W+6272 dv 11
(a, 'C)__4_nIR3 —av, (11)

(x=a)* +(y=b)*+(z=c)’ ]

where fis a scalar function and the derivatives are evaluated at (X, Y, Z). This
property requires twice-differentiability. The proofs of (4) in [10] [11] use a Green’s
function solution of the Poisson equation. In contrast, our proofs use the diffe-

(a 0 aj
X—+Yy—+2— |,

rential operator:

ox "oy oz

and its property (1) above which does not seem to have been noticed before.

Our approach exploits some nice properties of the spherical-polar coordinate
system in its relation with the rectangular coordinate system, resulting in some
simple integrations (incidentally, Gauss [12] exploited these in his Memoir on

the “inverse square force law” to prove that the potential function is twice-
differentiable). Our derivations do not use the Dirac & -function, “singularity

1 1
functions” like V[—j and V° (—j, and “s -function identities” (derivations
r r

that use the & -function are not necessarily shorter. As an example, see

[13]). We also do not use the theory of distributions.

0
Interestingly, results similar to (1) hold for an operator [Xa—j in one varia-
X
0 0 . ) . .
ble, the operator X6_+ ya in two variables, and even one in four variables,
X

name]y, x1£+x2£+x3i+x4i .
0%, OX, OX, OX,

We prove an extension of Theorem 1 (Theorem 6) for bounded regions, in-
volving volume and surface integrals, with a new, more natural definition of a
region bounded by a surface, appropriate for spherical-polar coordinates.

Application to 3-dimensional vector fields begins with Theorem 9 which gives
our Formula (2). The technique used leads immediately to an extension (Theo-
rem 12) of Theorem 9. It appears to be a better alternative to the usual formula
for vector fields over bounded regions. We prove some new results (Theorems
13, 14, 15) on removing a derivative occurring inside an integral. Using them,
we prove a property of irrotational and solenoidal parts (Theorem 16) and then

their orthogonality (Theorem 17). An existence result (Theorem 18) is then
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easily proved regarding a simple system of first-order partial differential equa-
tions in 3 independent variables. This result is believed to be new. Helmholtz’s
Theorem is then proved (Theorems 19 and 20) in a new form and with weaker
assumptions. We give a proof of the Divergence Theorem (Theorem 21) with
our new definition of a closed surface. Finally, we make an application to Max-

well’s equations.

2. Preliminaries

We start with the usual defining relations between the rectangular coordinates
(X, Y, Z) and the spherical-polar coordinates (r, 0, ¢) :
X=rsin@cosg, y=rsindsing, z=rcosd.

Let us denote by prh the set of spherical-polar coordinate values, Ze, the set
{(r,9,¢): r>00<6<m0<g< 27:} , and by T the transformation from the
spherical-polar to rectangular coordinates, so that 7'is a function on prh onto
R, and T (r,9,¢) = (X, Y, Z) where x,y,z are given by the equations above.
Then, if fis a function on R® into R, we denote by f the function on Rssph
defined by:

f(r,€,¢) = f(rsingcosg,rsinfsing,rcoso).

Remark 1: The two functions fand | have different domains, and so are
different qua functions, but their values are related. They are usually denoted by
a single symbol, and notation like f(X,y,z) and f(r,6,4) is used to indicate
the two different meanings (we could also write ( f oT ) for f , where “o” de-
notes the composition of two functions). We will say that the function f isas-
sociated with the function £

We note the following relations, between the derivatives corresponding to the
coordinate variables of the two systems, involving the Jacobian matrix /7 cor-

responding to the transformation 7¢

of | o |

or . o ox

o sindcosg  singdsing  cosd of

20 =| rcosgdcosg rcosdsing -—rsind || —|, (12)
- —rsin@sing rsin@cosg 0 %

o a

| 09 | | Oz |

the determinant, JT|, of the matrix being r®sin@ ; the two sides of these equa-
tions are to be evaluated at corresponding triples (I’, 0, ¢) and (X, Y, Z) .

By inverting these relations, we obtain, if Sin@#0:

i i
Z;f 1 sin@cos¢ sin@cos@cosg —sing 18(;
~ "5 sin@sing sin@cosdsing cosgé et (13)
in r
8¥ s sin@cosd —sin’* 6@ 0 ~
of 1of
& ] rog
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These latter relations will be used in our proofs below. They could be obtained

“directly” but the matrix inversion route is easier. We have, in particular:

of 1( of  of afj
— == X—+Yy—+2— |,
z

or r\ ox oy %)
of of of
—_— = X—— y_,
o¢ oy -~ ox

There is no such nice relation for of / 00 .
Remark 2: If the action of a time-dependent source field f (X, Y, Z,t) is de-
layed or advanced in time, the associated delayed/advanced function f (r,6, ¢,t)

is defined as follows:

f(r,e,qﬁ,t) =f (rsin & cos g, rsindsin ¢,rcos€,t—£j, (14)
v

where v is a “speed” parameter; v >0 for delayed action, and v <0 for ad-
vanced action. We then have:
of 1( of of o j 1of

— +z—|-=—, 15
oX yay 0z ) v ot (15)

T

and so, in Equation (2.2) above, we have, in the column on the right-hand side,

o 10
—+—— instead of K . All the derivatives are evaluated at a retarded time
or vot or

argument. This simple modification leads to simple changes in the results below.

of of
Note that oo We could, of course, introduce a modified operator:

0 0 o) ro
X—+y—+7— |———.
ox "oy oz) vot

3. The Basic Results for 3-Dimensional Scalar Fields
3.1. The Basic Result

We are now ready to prove a special case of the basic result (1) mentioned in the In-
troduction.

Theorem 1 (basic result for the new operator): 7 f :R® - R has continuous
first-order partial derivatives, and:
lim,_,,, f(rsin@cosg,rsindsing,rcosd) =0, uniformly forall 0<o <,

0< ¢ <2m,where r=.x*+y?+1z?,then:

of of of
x&+ y5+ 25
" s—dxdydz = —4x f (0,0,0). (16)

(x2 +y*+7° )5
where the numerator of the integrand is to be evaluated at (X, Y, Z). The inte-
grand is undefined at (0, 0, 0) .

Remark 3: The integral is, of course, an “improper” integral, and is to be un-

derstood as the limit of a “definite” integral extended over the compact set
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{(x,y,z):0<gsrs R} as £—0 and R — . We need the & since the in-
tegrand is not well-defined at (0, 0,0).
Proof: The “change of variables formula for multidimensional integrals” [14]

tells us that for a function £

o 1=l (1T)(IT]) = Fresin,

since [JT|(r.0,4)=r’sin6. Now rﬂ:xﬂ+yﬂ+zﬂ,sothatwehave:
or OX oy oz
of of of
[ & — dxdydz
R hd
(x +y2+22)2
= i o odrdod
_-54>&g!»w I J; 0 r r . r ¢

= lim jj:o“ j:j“sin a[ [ ﬁdr:ldedqﬁ

o0, Rﬁwj‘(g 0 .[ SInH[ r.o, ¢)} dodg
-0 Lo sing[ 0 (0,0,0) |dody

$=2n

=1 (0.00)[/ 7 [

==100.0)([/7(J;;sinode)dg)
=-1(0,0,0)x2x2n
=—-4z(0,0,0).

singdéedg¢

We have used the notation [ (l’ 0, ¢)] : to denote the difference
[l:(oo, 9,¢)— l?(O, 6’,¢)] . In the above sequence of calculations, we have
changed a 3-dimensional integral into a succession of integrals and changed the
order of integration which is permissible because all the intervals of integration
are finite “intervals”. We will skip many intermediate steps in later derivations.

Remark 4: In the computations above we see the advantages of the spheri-
cal-polar coordinates over the rectangular. The multiple integral is reduced to
iterated integrals. The improperness of the integral can be handled with limits
on only one variable, namely, 7. One can see also how the number m makes its
appearance in the formula. Of course, unlike x,y,z, there is no symmetry be-

tween r,0,¢.
Remark 5: Our Theorem 1 can be compared with the familiar result involv-

ing the Laplacian operator V?, namely: fRB%VZf =—4nf(0,0,0), which holds

under a stronger regularity condition, namely,
lim,_,, r*f (rsin@cosg,rsin@sing,rcosd) =0, uniformly for all &, ¢. Ob-
viously, the Laplacian result assumes that fis twice-differentiable, whereas our

Theorem 1 requires fto be only once-differentiable.
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Remark 6: Our basic result can be interpreted as saying that the differential
operator v or gradient has an inverse which is an integral operator—a result
similar to the “Fundamental Theorem of the Calculus of One Variable”. It is also
a little surprising that the integral operator involves integration over all space,
whereas one can obtain the difference between the values of the function f at two

points as a line integral of the gradient:
£(Q)-f(P)=[ Vf-ds.

It would be interesting to relate the volume and line integrals.

We have a Green-like identity, which we state as a Corollary, involving fwo
functions fand A:

Corollary 1. With similar assumptions about fand A,

of of of oh oh _oh
X+ y@“& Xt yaﬂg
[h 5 dxdydz + [ f 5 dxdydz
(¢ +y?+22) (¢ +y?+22)

=4 (0,0,0)h(0,0,0).

Proof: We simply use the distributive property of our operator, namely:

0 0 0
(x—+ y5+z§j(fh)

OX

Remark 7: We could put a multiplier ¥ ( I‘) , say, with the integrand to enable
us to treat modifications of the inverse square law of force such as are involved
in the Yukawa potential. We then have the following theorem which can be
proved along the lines of the proof of Theorem 1.

Theorem 2:

of of of
szy/(r)(x&+y5+zgjdxdydz
:4n(a—ﬁ)—.[Rs(ry/’(r)+3y/(r))f(x,y,z)dxdydz,
where @ =lim,_, Py (r)f(r,0,4) and g=lim_,r’y(r)f(r,0,4).

Choosing y (r)= ig , we will obtain Theorem 1 as a special case, if
r

lim, f(r,9,¢):0. We can see that this is the only choice for l//(r) for
which Theorem 1 will hold.

Choosing y/(r)zi,weobtain, if lim,__ r2f(r,6,4)=0:
r

of of of
X—+y—+Z—
OX oy oz

.[R3

1
(x2+y2+zz)2

2
dxdydz = _IRa = f (x,y,z)dxdydz.

Finally, choosing 1//(r) = iz, we obtain, if lim,__r f (r,6’, ¢) =0:
r
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OX oz 1
I % — dxdydz = _jR3r_2 f (x,y,z)dxdydz.

3.2. Basic Results for R, R?, and R4

Interestingly, we have results similar to Theorem 1 in one, two, and even four
independent variables. The result for one variable is easy to see, namely:
Theorem 1 (R):
jmi[xﬁ]dx =-21(0).
= x|\ dx
We next have a similar result in fwo variables, namely:
Theorem 1 (R?):

of  of
X—+Yy—

OX
Lz-——73—lﬂidxdy::—2nf(o,o)

Proof: The usual rectangular-to-polar transformation has, for the Jacobian
determinant J7; the value r, and so we need only 7 in the denominator of the
integrand. The rest of the calculations proceed as in the proof of Theorem 1.
Note that we have a multiplier —27 for f(0,0).

Perhaps this can be used to derive new results for the plane.

To prove a similar result for four variables, we need an unusual coordinate
transformation which, however, has the desired features of the usual rectangu-
lar-to-spherical transformation in two and three variables. We note the follow-

ing simple fact:
2 2 2
(Ve et ) =(Vg ) +(PEext )

which suggests the transformation:

X, =rCc0S@Cosy,, X, =rcosdsiny,, X, =rsin@cosy,, X, =rsindsiny,,

with r=\x+x2+x2+x’, o<r, 0<0<

and |JT|=-r’sindcoso.

We then have:
Theorem 1 (R):

of of of of
[ — ﬂ43 4 dx,dx,dx,dx, = 21 f (0,0,0,0).

, 0y, <2n, 0<y,<2mn,

N

Proof: Note that we have r* in the denominator and the multiplier of
f(0,0,0,0) is 2. We use the fact that:

og of of of of
r—==| X —+X—+X,—+X,— |

or X, OX, OX, OX,

Perhaps this can be used to derive new results for space-time.
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3.3. Extensions of the Basic Result

Next, using the slightly modified expression for (;i noted above for de-
r

layed/advanced action, we immediately have:
Theorem 3 (Theorem 1 with delayed/advanced action):
X a +y ox +2 a

j x % 362 dxdydz

RS 3
(x2 +y2i+ 22)2

af(xi y|znt_£

1. ot v
= —4n f (o,o,o,t)+VjR3

jdxd dz
X2 +y?+7° y

r
f (x, y,z,t—)
= an(0,0,0)+ 201 T Y gy,
votiR  x?yy?4z?

Thus, we can have a recovery of a function through partial derivatives eva-
luated at a retarded time argument, if we wish. We can easily prove a generaliza-
tion of Theorem 1 to obtain two slightly different formulas for the value of fat
points other than the origin.

Theorem 4 (Theorem 1 for a general point (a, b, ¢)): Under the same as-

sumptions as those of Theorem 1, if (a,b,c)e R, then:
of of of
Xt ya+ 2
D s dxdydz = -4n f (a,b,c), (17)

3
(x2+y2+22)2

where the partial derivatives are evaluated at (X +a,y+b,z+ C) , and also:

(x—a)g+(y—b)i+(z—c)ﬁ
X % % 4xdydz = —4nf (abc),  (18)

[(x_a)z+(y_b)2+(z_<:)2]E

where the partial derivatives are evaluated at (X, Y, Z) .

2) J.R3

Note that in (18) above, a slightly different operator dependent on (a,b,c),
0 0 0
namely, |(x—a)—+(y—b)—+(z—c)— |, appears. The form of the integral
y [( Vo Hy =Bl )62} PP g

in (23) is convenient for interpretation and computation, whereas the form in
(17) is useful for derivations where the integral needs to be differentiated with
respectto @,b,c which appear as parameters.

Proof: Define a related function by:

f(x,y,2)=f(x+a,y+b,z+c)

so that:

f(0,0,0)= f(a,b,c).

Applying Theorem 1 to f,we get:
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.[313 i+yﬂ+zﬂ dvV =-4nf (a,b,c),

Rr oX oy oz

where r=./x*+y?+2°> and the partial derivatives are evaluated at (X,Y,Z).
Further,

%(x, y,z):%(x+a,y+b,z+c),

keeping in view the definition of f . Similar relations hold for the other two
partial derivatives.

Remark 8: The function f isa translation of the function f . In his calcula-
tion of the derivative of a potential function, Gauss used this idea to show that
the potential of a “mass distribution” at any point has the same value as the po-
tential at the origin—or any chosen reference point—of a suitably translated dis-
tribution. We could prove the result above by using a translation of the rectan-
gular coordinates, ie, by changing the origin. Another approach would be by
using a non-standard spherical-polar to rectangular coordinate transformation
is defined by:

X=a+rsingdcos¢g, y=b+rsingsing, z=c+rcosé.

that we will use later on. The transformation, denoted by T, .

so that:

r :\/(x—a) +(y- b) +(z- c)2 .
3.4. A Basic Result for Related Operators

We state a result for the operator (X% - yaiJ that follows from the fact:
X

of Lo o
=z vy 19
o¢ c'iy y ox (19)
Result: Under the conditions of Theorem 1,
3% xﬂ—yi dv =0. (20)
Ror oy OX

Proof: The integral is equal to:

[ —3[2;} drdgdg = [~ (j %dqﬁ}drd&

sph I

=j= [ r,0,2r)- f (r,0,0) |drde

=0.
Remark 9: One can guess two more results like the one above, namely:
i yi— a dv =0, (21)
oz oy
1(_ of _of
—| Z——-x—|dV =0. 22
J.R3r3( oX azj (22)
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To prove these, we could, once again, talk about a change of variables, this
time a permutation of the variables, from x,y,z to, say, z,y,x, Ze, new va-
riables X',y’,z' such that X'=z,y'=y,z' =X, a related function f', use the
result proved above to get:

1 of’ of ey
[ r3( g—y—jdxdydz =

and finally, appeal to the “dummy variables” idea to get:

1( of of
—| z——y— |dxdydz = 0.
R3r3( Y yazj y

A better approach would be to use yet another spherical-polar to rectangular
coordinate transformation, namely:

X =1rcosd, y=rsingsing, z =rsindcos ¢,

and then proceed as in the proof above to derive:
3% zi—yi dv =0.
Rr oy oz
Indeed, the usual definitions of ¢ and ¢ come from spherical astronomy,
where one talks about “declination” and “azimuth” angles, the zenith being in
the zdirection.

We can prove the same result using the standard spherical-polar coordinates
as follows.

1( of of
21y lgy
R3r3( oy yazj

—I ———| rcosé| sin ¢9sm¢ﬂ+sm900549sm¢—ﬂ+cos¢li
R r® sin @ r oo rog

—rsin@sing singcos0 2 —sin? 92" r’sin@drdddg¢
or roeg

.|' V o (sm¢95|n¢—+cosecos¢ ¢jdrd¢9d¢

r=e 1 ¢$=2n O=n . ) a'f'\
=I5 [ (J'g_o smHsm¢£d9]d¢

0=r( (420 of
J.H [IM cosecos¢%d¢]d9}dr
= r__ml[ o [fASiﬂ@Sinﬂ f fcosesm¢d9) y

O=n
+I
6=0

=2n g=2n 2 .
fcosecos¢ 5o L:o fcos&smqﬁdqﬁjde}dr

We collect these 3 results together as a Theorem:
Theorem 5 (basic result for related operators): Under the assumption that £
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has continuous partial derivatives,

1( of of
J.RS rS[ E—ya—jdVﬂ), (23)

1 of of

—[yg—zayjdV—O (24)
| Sis[zi—xﬁjdv =0. (25)
Ror OX 0z

Remark 10: These three results show that the three first-order partial deriva-
tives of fare not totally “independent” of one another, even though second-order
partial derivatives may not exist. Of course, we do assume that the first-order
derivatives are continuous. Also, like Theorem 1, we will have two versions of
these results. They are crucial in our derivation of the new alternative to Pois-
son’s Formula. They do not seem to have been noted before.

We can combine the 3 equations into a single vector equation:

Jo o PV v = (0,0,0)= . (26)

In contrast, we could write our basic result as:

,[ r-vf
Rr3

r3

dV =-4nf (0,0,0). (27)

3.5. Basic Results for Bounded and Unbounded Regions

Theorem 1 above involved a volume integral extended over whole space. We
now prove a theorem that involves a volume integral extended over a bounded
region bounded by a closed “surface”, and a surface integral. But we will use a
new definition of a surface in spherical-polar coordinates (Our surface can be
projected onto the surface of a sphere. The usual definition of a surface by a
function like Z=f (X, y) implies that it can be projected on a plane).

Let S be a positive real-valued function, bounded away from 0, of two va-
riables ¢ and ¢, with 0<9<n and 0<¢<2m, ie, 3(0,¢) >¢& for some

& > 0; we mean by the surface Sthe set:

sph—{(r 9¢) r—S(H ¢) 0<O<m, o<¢<2n}

in spherical coordinates, and the set:

St =1{(rsin@cosg,rsindsing,rcosd):r=5(0,4),0<0 <m,0<¢<2n}

in rectangular coordinates.

By the region V'bounded by the surface Swe mean the set:
Von ={(r.0,4):0<r<S(60,4),0<0<n,0<¢p<2n}

in spherical coordinates, and the set:

View ={(rsin@cosg,rsin@sing,rcosg):0<r<5(0,¢),0<0<m,0<4$<2n}

in rectangular coordinates. Note that the origin is an interior point of V'and that
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each ray from the origin meets the surface in only one point.
Theorem 6 (basic result for bounded region): Let Sbe a surface such that §

0S
has continuous first-order partial derivatives 6—2 and ﬁ, let V'be the region

bounded by S, and let f:R®—>R be a function with continuous first-order

partial derivatives in V. Then:

£(0,0,0) =~ i{xﬂ+ yor zﬂ]dv

47t Vreat r3 ox ay o (28)
1 O=mn,9=21 2 .
+4_n 0=0,4=0 fs (6,4)sinodadg.

where we denote by fs (0,¢) the value of the function at a surface point,

namely,

f(S(6.4)sinOcosg,S(6,4)sinGsing,S(0,4)cos0) .

Proof: We have:

1( af ), . of
- vsphF(rgjr smedrded¢:jvsphgsmedrdedqs
- “’“"( j*sw’@dr]sin 0dodg
6=0,4=0 r=0 or
O=n,¢p=2n[ 2 : .
= [ F(5(0.9).0.6)- T (0.0,9) sinodadg
O=mn,¢=21 2 .
=Jrono 15 (6.4)sinododg—4nf(0,0,0).

Remark 11: The theorem can be interpreted as follows. Given a region bounded
by a surface, the value of a once-differentiable scalar function (field) at an inte-
rior point is uniquely determined by the values of the function on the surface
and the values of its partial derivatives in the region. It thus gives a “formula” for
determining the value at an interior point. Note that the 2-dimensional integral
above is not the usual surface integral. Further, instead of the whole region V'
bounded by the surface S, we could consider a cone with vertex at the origin and
terminating on the surface and get a partial surface integral. We could then ob-
tain an expression for the value of the function at a point outside the surface.

Remark 12: With an appropriate definition of “vector element of surface area”
dS , we can write the 2-dimensional integral on the right hand side above as a

“surface integral”:
1 fr) =
EL (r—B)dS. (29)

The vector element dS is also written as dSA where dS is the “magnitude”
of the surface element and N is the unit normal vector. However, the “surface
integral” is harder to visualize and calculate.

Proof: Sis not a spherical surface in general. So we have to define what we
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could mean by the magnitude dS of the surface element and the unit normal
A toit. It turns out to be easier to define the vector surface element dS (it will
be used later in our proof of the Divergence Theorem with our definition of sur-
face).
Consider a “quadrilateral” ABCD, with the 4 corners determined by 4 pairs of
0,¢ values. Thus, let A be the point (S (6.9).0, ¢) ; B
(S(0.6+054),0,6+05p); C (S(0+350,4+54),0+350,6+5¢);
D:(S(0+656,4),0+56,¢). The r coordinates are given by the values of the
function defining the surface.
We next calculate the first-order approximations to the wvectors AB and

AD . In rectangular coordinates these are:

— ([0S . . ., 0S . .
AB :[a—¢5m Ocosg—S(6,¢)sinOsin ¢,%sm dsing
+5(0,¢)sindcos ¢ ﬁcose dg
1 ’a¢

— (3OS . oS . .
AD = [%sm fcosg+S (9,¢)cos€cos¢,£sm fsing
+S(6,¢)cosPsin ¢,%cos¢9—sin dea
We then define the vector surface element dS as:
dS = ADx AB
which turns out to be, in rectangular coordinates:

dédg(a,B.7)
where, writing Sin place of S(6,4) for easy readability:

a =Ssin ¢§—Ssin Qcosecos¢§+ S%sin” @ cos ¢,
o9 00
B=-S cos¢§— Ssin@cosGsin ¢§+ S%sin® @sin g,
op 00

y =Ssin® 0% 1 s%sin fcosb,
o6

and if F denotes the position vector of the point A4, we have:
F-dS =(S(0,¢)) sinodadg,

hence the desired result.
By carrying out the integration from I =S(6,4) to infinity, we see that the
following result holds when the integration is extended over the complement

V. of the bounded region:
Theorem 7. Basic Result for Unbounded Region. Let S be a surface such

that $ has continuous first-order partial derivatives % and %, let V. be

the complement of the region bounded by S, and let f: R* >R be a function
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with continuous first-order partial derivatives in V such that f -0 as

r - . Then:

1 1 Xﬂ-i- yﬂ+ Zﬂ dv :—i oemomin fS 0 sin (9d9d¢ (30)
X oy o7 4y 90=0.4=0 (0.9)

47[ \irect r 3

Finally, considering the possibility that Sis a surface of discontinuity for £ we
split the region of integration for r into two parts, and with this understanding

for the volume integral, we have:
Theorem 8. Let S be a surface such that S has continuous first-order partial

0S
derivatives % and % ,let Vbe the region bounded by S andlet f:R°* >R

be a function with continuous first-order partial derivatives in V; except possibly
on S. Then:

3

£(0,0,0)=———| (xi+ y%+ z%)dv

I, o1
O=n,¢=2n[ 2 - .
Y g:o,::O |:fs (9,¢)] sin@dodg
1 O=n,9=2n[ 2 +
_4_,-[ 0=0,4=0 [fs (9,¢)} singdedg (32)

where we denote by [f; (6’,¢)] the limiting value of the function at a surface
point, namely, f (S(6,¢)sin&cosg,S(6,4)sinOsing,S(6,4)cos 49) from inside,
and by [ f (0, ¢)ﬁ+

Like Theorem 4, we can have a “translated” version of Theorem 8. We can

the limiting value from outside.

write it in coordinate-free form as:

f (field point) = —%J’V (%F -Vf (source point)J
/I

1 (f(surfacepoint)r _]

+— 3 ds
4r s r

where F denotes the vector from field point to source point and r denotes its
length.
Theorem 5 with delayed/advanced action:
f(abct)=- ! i(xieriJrzi]dv

E Vrect r3
f(x, y,z,t—£
Vv

jdxd dz
X2 +y?+7° y

110
Lo
4TtV Ot Vet

1 O=n,¢=2mn .
R PR fs (6,¢)sin6dadg.

4. New Formulas for 3-Dimensional Vector Fields

4.1. A New Formula for Unbounded Case

We now turn to 3-dimensional vector fields, ie, functions F:R®— R®. We

can immediately extend the results for scalar fields to vector fields by consider-
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ing a 3-dimensional vector-valued function Fas a set of 3 scalar valued functions

F.. Fy, F, and use three recovery formulas, using Theorem 4:

Fx(a,b,c)=—if3i3 x oF +y@+z£ dv, (33)
4R r OX oy oz
oF, oF, oF

F, (a.b,¢) = —— [, —| x 2Ly a2 52 |av, (34)
Au-Rr OX oy oz

Fz(a,b,c):—i 3% XEer@+zaFZ dav. (35)
4n°Rr OX oy oz

This recovery involves nine partial derivatives but only three combinations of

these appear in each recovery formula. However, using Theorem 5, putting a

1
multiplier ———, we have:
4

oF, oF
1 i[x—y— y@—dexdydz =0,
X

A R 3" oy
—ij 3% o % dxdydz = 0.
4R r oz OX

“Adding” the left-hand sides of these two equations to the right-hand side of

the equation above for F, (a, b, C) and rearranging terms, we get:

FX(O,O,O)
1 1 oF, OoF, OF, oF, oF, oF, OF,
:——Is—s X +—+ —y| —=——-—21|+z - .
4n Ry ox oy oz ox oy oz  oX

We can obtain similar expressions for F, (a, b, C) and F, (a, b, C) .

oF
We recognize that £+—y+£ is the divergence of F, i.e, v-F.We
ox oy oz

oF =
also see that y B R z Py ) s the x-component of Fx(VxF)
ox oy oz  oX

because:

i j k
Fx(VxF)= X y z

oF, oF, (6FX _oF, j oF, ok,
Loy oz oz 0Ox ox oy )|
Here, F is (XT +yj+ ZIZ) . Consideration of the other components of Fand

using the notation of Theorem 4, we obtain, if the weaker regularity condition

lim,_,, F(rsin@cosg,rsingsing,rcosd) =0, holds uniformly for all &, ¢, the
following theorem:

Theorem 9 (a new formula). Under the assumptions that F has continuous
derivatives and that lim _F (rsin 6cos g, rsin@sin g, rcos 0) =0, holds un-
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iformly forall @, ¢, we have:
1 1

F :_EJ'RSF[(V.F)F—fX(VXF)]dV.

This theorem is our new alternative to Jefimenko’s formula stated in the In-

troduction, namely:

1 J- V(V-F)-Vx(VxF)

— dv.
ant r

=

which holds under a stronger regularity condition, namely,
lim,_,, r*F(rsin@cosg,rsin@sing,rcosd) =0, uniformly forall o, ¢.
Theorem 10 (Delayed/advanced version of Theorem 9).
1 1 S 110, 1:=
F = —EJ.RSr—g[(V F)r -r X(VX F) +EVE-[R3 2

Note, however, that with retarded action, not only the divergence and the curl

but also the time-derivative of the field appear as “sources”.

4.2. New Formula for a Bounded Region

To prove our new formula above, we applied Theorem 4 and Theorem 5 to the
components of Fand then combined the results appropriately. To obtain a new
formula for a bounded region, we will need an extension of Theorem 5 above,

which we now state and prove.
Theorem 11 (basic result for related operators over a bounded region): Let

oS
Sbe a surface such that Shas continuous first-order partial derivatives 20 and

s , let Vbe the region bounded by S, and let f:R®*— R be a function with
continuous first-order partial derivatives in V. Then, using then the notation of
Theorem 7:

1 6f 8f _ O=m,4=2mn 1 63
.[v T(X__y_deV_ .[o 06=0 S(6,4) @¢ fs (0,¢)dodg,

_ -.-Uzn,qﬁ:Zn 1 BS
0=0,¢=0 3(9,¢) 60

1(_of of
~ 28 x& av
J.Vrecr r3( X 82)

o=ng=2n 1
0=0,¢=0 5(9¢)

fs (6,¢)sin 95m¢——¢f s (6, ¢)cos€cos¢}d0d¢

{ 88 fs (6, ¢)SIHHCOS¢+—¢f (9,¢)cos€sin¢}d9d¢.

Proof: We prove only the first of the three equations above. Indeed:

1( of r2
I = th;( 5‘ _] —IW { J drdod¢

I¢2njrse¢lidd9d¢

DOI: 10.4236/am.2021.1211069

1075 Applied Mathematics


https://doi.org/10.4236/am.2021.1211069

S. D. Agashe

But here we cannot integrate with respect to ¢ first because the upper limit
on rdependson ¢ (and @).So we use a “trick”. We will use Leibniz’s rule for
derivative of an integral with respect to a parameter—with a twist. Leibniz’s Rule
says:

d s d d
gl (@) =0 f(@(0) -G f(@a(@)+ [

a) of

0% (@ p)on.

Here, g is a parameter. This is moving differentiation into the inside of an
integral. We rearrange terms to get:
d

fj:))%(q, p)dp = dq (q p)d p—z—ﬁf(q,ﬂ(q))+3—3f(q,a(q)),

This is moving differentiation to the outside. Using it, we get:

r=s(6,¢) 1 8];\
LO Fa—¢(r,9,¢)dr

. S(6,4) -
_ O rsenl f (r,e,qﬁ)dr—la (0.9) f
g 0 1 S

Substituting, we get:

e Z“LM [0 ¢ g, ¢)dr}d¢d9

r

¢2n165 9¢)
I¢° S 0¢

f(s (0.4),0.4)d0dg

o=r| cr=s(.9)1 » g=2r
= [IO - f(r.6, ¢)ero do

2n 85 0,
f’ 1 ¢ f(S(6.¢),6,4)dodg

qu 221 0 ( 9 ¢) 7 (5(0.9),0.9)d0ds.

40
Equipped with the result above, we now get the following result in a way sim-
ilar to that for Theorem 8.
Theorem 12 (bounded version of Theorem 9).
1, (V-F)F-Fx(VxF)
F= _4_.[R3 3
T r

av

1 (o=ng=2n . 1 FxdS
A7 P Fs (6,4)sin 9d0d¢+4—njs F, x[r—sj

1 (V-F)F—FX(VXF)
=_EJR3 re

+4n {rrdSJ jF [rxdsj

Compare the “surface integral” terms above with the formula given by Zhou
[10]:

dv

F——vj dS V x
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His nisour f,and our dS is dSA.

4.3. Uniqueness of the Inverse Square Laws

We can interpret our result as also saying that if (V- F) and (Vx F) are re-
garded as sources for the field £ and then no matter how the sources “actually”
work, they can be regarded as working through an inverse square law, or influ-
ence function, or Green’s function. The inverse square law is, in this sense, ubi-
quitous. There are, actually, two inverse-square laws. The scalar source (V ‘ F)
acts radially, whereas the vector source (VX F) acts transversely. They both
have dependence only on the relative position vector r, Le., the vector relating
the source point with the field point. Are these laws unique?

The uniqueness is with respect to the question whether the inverse square “ r
-dependent” radial influence function for a scalar source (Coulomb’s Law of
Electrostatics) is the only “F -dependent” one with the property that the diver-
gence of the generated vector field equals the generating scalar field and the curl
of the generated field is zero. Similarly, for the vector source and transverse ac-
tion function (Biot-Savart Law of Magnetic Effect of Stationary Currents). Thus,
if V(F) isa vector influence function for any arbitrary scalar field , to pro-
duce a vector field F such that V-F = —(1/4Tt)p ,and VxF =0, then must
V= r/l‘3 ? Here, by influence function V we mean that F = —(J/4n)jp\7(f) ,
ie, F(a,b,c)= —(]/4n)fp(x, y,zZ)V(x—a,y—b,z—c). We can immediately
see that this is the case.

Indeed, we have, by our result, also F(a,b,c)= —(1/4n)‘|'p(x, y.z) F/r*. So,

6= [p(V(r)-F/r).

and so by a theorem of Titchmarsh on Convolution (Product) of two continuous
functions, since p =0 (the general, non-trivial case), we have 0=V (f) - f/ ré.

Remark 13: It is curious that the defining relation above for the vector field
generated by a scalar field through a r -dependent influence function has not
been noticed to be a (space) convolution integral by workers in Electromagnet-
ism—a fact which would probably be easily seen more readily by workers in Li-
near System Theory. The influence function there is called the impulse response
and the convolution is in time.

The uniqueness result for the vector source with transverse action can be eas-
ily seen to be true.

Remark 14: It is indeed surprising that whereas the expressions for F,,F ,F,
separately involved 3 partial derivatives multiplied by x,y,z, the vector % ie,
the 3 scalars put together, has an expression that involves 4 different “disjoint”
combinations of the partial derivatives multiplied by x,y,z, and these happen
to be the combinations occurring in v.F and vxF . On the other hand, it is
not clear whether we can calculate the partial derivatives of F,,F ,F, knowing
v-F and vxF without calculating £

Remark 15: Incidentally, it may be stated that we were led to our new formula

above by starting with Poisson’s Theorem and then using two little-known for-
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mulas below, namely:

fRs%[V(V'F)] = jR3ri3[(v- F)r] (36)
(37)
JRS%[VX(WF)FL%[“(WF)]- (38)

This led us, in turn, to our Formula (1) by writing the expression for F, (0, 0, 0)
in our formula above and expanding out the expressions for v.F and vxF.
The above two little-known formulas were obtained by application of the fol-

lowing new formulas which are proved in Section 5 (Theorem 13, Theorem 14):

I = 5 (39)
1 1,
IRSF[VXA]:szr—S[rxA], (40)
along with another (Theorem 15):
1 1.
IRSF[V.A]:IRSF[r.A]. (41)

Remark 16: Incidentally, we can prove Laplace’s theorem using our new re-
sult and the results mentioned above.

Laplace’s Theorem: Given a twice-differentiable vector function £

2
S

4n r (42)

Proof: We start with our new result for Fand then use Theorem 13 and Theo-

rem 14:
1 1 I
F= e 3[(V.F)r—rx(VxF)]dV (43)
_ij l[v(v.F)—Vx(VxF)J (44)
An Ry
1 (V°F
== (45)

5. Removing a Derivative Occurring inside an Integral

Our main result in Section 3 can be regarded as enabling us to “integrate out”
completely differential expressions occurring inside an integral. We now state a
number of results which only remove a derivative occurring inside an integral,
without succeeding in integrating out completely. We first state three lemmas.

Here, g denotes the function associated with £
Lemma 1:
r=R

Jor(r) =t vty [oosgsind ocosg[ i (r)a] "

r=¢
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Lemma 2:

J'y/(r)% = —j@yf +him, . _[jdé'dqﬁsin2 dsin ¢[r2y/(r)g£:,
Lemma 3:

jyx(r)%z—j%(r)zf +lim,_oa Hdé’d¢sm Gcose[r w(r )g]:

Proof of Lemma 1: Denoting the associated function by g, we have:

of 1 . 0 . 10
IRW( )ax J‘Rgphz//(r)w[smzHcos¢a—?+sm6'cosecos¢F£

—sin¢£a—g r’sin @drd ¢
rog
_— 2 a9 . ag
_J sin® @cosgr’y (r)—=+sin@cosdcosgry (r)—
sph ar 80

. og
—singry (r)— |drd@d
o ()2 oraony
=L +1,+1;,

say. For the first term, we have:

a9

l, = j::; .f:;znsinz 9003¢U:_: rzy/(r)adr
= G:nj::oznsinzHcosqﬁ([rzz//(r)g(r,9,¢)]:;
—j “(2ry(r +r2y/'(r))gdr)d6d¢

j (2n// +1r°y’(r))sin’ O cos gg

}d9d¢

+L=O L:o sin 9cos¢[r2¢,(r)g(r,0,¢)]::d9d¢,

where we have used integration by parts with respect to r. For the second term

we have:
[ COS¢D_ singcoso 29 de}dqﬁdr
[ Cos¢([sm 0cosog(r.0.9)]
. Z-(COS 0-sin’ 0)gdo | dgdr
= [, = (r)cosg(cos” 0 -sin” ).

Here, we have used integration by parts with respect to @ . For the third term

we have:

== [ rt//(r)[L0 Sln¢63d¢]drd9
[0 (n)([singa (r.0.9) ] - [/ cos ggdg ) drde

=IR3 ry (r)cos¢g,
sph
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integrating by parts again with respectto ¢ this time.
Putting together these 3 results we have:
of

jRS y/(r)& = —jRgph r’y’(r)sin® Ocos g g

+] o [) S sin® ocosg 1y (r) g (r.0.6) ] dodg.
0 . . w'(r)
n the right hand side of Lemma 1 we have the first term _J.R3T|:( xf )J

- N
which equals Iprh ;

on the left hand side of Lemma 1 above.

[( rsingcosg)r?sin HgJ which equals the expression

Lemmas 2 and 3 can be proved similarly.
Using the above three lemmas, our first result removes a v operator occur-

1
ring inside an integral. Note that we have a (—j multiplier on the operator
r

side and a (i) multiplier on the other side.

r3
Theorem 13 (New result for v inside integral). Assuming fis differentia-
ble and that lim,_, rg(r,6,4)=0 forall o, ¢,we have:

1 1 "
Jo 7 V1= [z ()7
Proof: On considering the x-, -, and z-components of the two sides of the

result to be proved, choosing y/(r) :1 , we see that the Theorem follows im-
r

mediately from the three lemmas.

Remark 16: By choosing i,ﬂ,i in place of frespectively in the three
ox oy oz
Lemmas above and adding, we get the following result involving the Laplacian
operator:
2 2 2
J‘3£ 2+%+% =_[3i3 xi+yi+zi (46)
Rr{ ox oy oz Rr OX oy oz
so that using our basic result, we get:
2 2 2
ISE or I+a I+a I — —47£(0,0,0). (47)
Rr{ox® oy oz

If we have advanced/retarded action, we will have:

2 2 2 2
[A[ef et ot 12 gy - ant(0,0,0). (48)

Our next result enables us to remove a Vv x operator occurring inside an

integral. Note again that we have a (lj multiplier on the operator side and a
r

(iJ multiplier on the other side.

r.3
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Theorem 14 (new result for v x inside integral): Assuming the vector
function A is differentiable and that its components satisfy the same limit condi-
tion as in Theorem 13:

szé[vX A]= R3ri3[rx Al.
Proof: Consider the three components of the two sides and apply the 3 Lem-

mas.
Finally, as one may expect, we have a result which removes the v. operator.

1
Once again, the multiplier on the operator side is (—) on the operator side
r

and (%j on the other side.
r

Theorem 15 (New result for v. inside integral). Assuming the vector
function A is differentiable and that its components satisfy the same limit condi-

tion as in Theorem 13:
1 1.
IR3F[V . A] = J.Rar—s[r . A]
These three theorems have perhaps appeared as Exercises in some textbooks
or have been used when carrying out some derivations. But it is useful to high-

light them as we have done.
Also, there are variations obtained by changing the multiplier on the operator

side to (izj , and even dropping it altogether. They can be proved by changing
r
the multipliers in the three Lemmas. We state these results below. Here,

1
r= (X2 +y +7° )2 and fand the partial derivatives are evaluated at (X, Y, Z).

pOxl = ey )

Lemma 4: X r

r=R

+1im, 5o ., [[d6dgsin® O cos? ¢[r3y/(r) g}

jw(r)yiz_JL(r)ny

Lemma 5: ox r
+1im, o p s jjd9d¢sin3 O cospsin ¢[r3y/(r) g]
And in the special case y (r)= l,/l’3 ,

r=¢

r=R

r=¢

yﬂ—fixyf+lg ixyf
x votdrt
provided g(r,9,¢) is finiteas r — 0.

Iw(r)zﬂ:_Jm

xzf
Lemma 6: ox '
+lim, o, [[dodgsin® Ocosgeoso[ iy (r)g ]
o v'(r)
v(r)xy, === o
Lemma7:J. % J. '

r=R

+lim, oo .. [[dodgsin® Ocosgsing| r'y (r)g]

r=¢
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JW(V)Y%?I{@VZW(”}C
+1im, o ., [[d0dgsin® Osin? ¢ 'y (r)g]

Iw(r)zi:—j@zyf

Lemma 9: oy
+lim, oo .. [[dodgsin® Osin gcoso[ r'y (r)g ]

Lemma 8:
r=R

r=¢

Iw(r)x%:—f@xzf

Lemma 10:
r=R

+lim, o a,. jjd6d¢sin3 Hcos¢cose[r3y/(r)g]

o __ () i
Lemma 11: IW(r)yaz '[ r v
+1im, o ., [[dOdgsin® Osingcos6| riy (r)g |

foz L | 2 1)

oz r

r=¢

r=R

r=¢

Lemma 12:
r=R

+1im, o .. [[dOdgsin® Ocos® 0 r°y (r)g]

Using the above lemmas, we now prove without requiring twice-differentiability

r=¢

of Fthat the divergence of K, ie., the irrotational part of F determined by
V-F in our formula is indeed v.F, and that its curl is zero. Similarly, the
curl of F,, ie, the solenoidal part of F determined by vxF in our formula
isindeed v xF , and that its divergence is zero.
Theorem 16 (Property of irrotational and solenoidal parts). Assuming that
(V-F)(r,9,¢)—>0 as r —»>oo uniformlyin ¢ and ¢, and that
(V>< F)(r,9,¢) -0 as row uniformlyin ¢ and ¢, we have:
V-F,. =V-F,
VxF, = 0,
V-F,, =0,
VxF, =VxF.

Proof: To prove the first result, we do not start by moving the differentiation
required by v. into the inside of the integral because that would require twice-
differentiability of . Instead, we “undo” the differentiation inside the integral by
using the above three results. Thus, we start with the /-component of the expres-
sion within the parentheses, namely:

1.1(oF, OJF OF
e R

}xdxdydz.

This becomes, on applying the three results above:

1(4n,_ 3_x* 1 1.3
__(?[FX]0 +j(—3 FX—Z——SFXJdV —E.[r—SFXxde

4n r r r
1.3 0F
-— = X xzdV |.
4w’ r> OX
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0/ox  of this is:

OF, _Iiﬁx__iaF v — s;aFXde
38x An\ r® ox r? OX 4nr6x

3 OF,
47: > ox

Similarly, we can calculate the 0/dy of the j-component of F, andthe &/0z
of the &~~component of F, and add them to obtain, because

(V-F)(r.0,4) >0 as r > uniformlyin ¢ and ¢ and transferring —4x
to the left-hand side:

—4nV-F,

:_E(V F)+ .[?;x xaFX+yaFX+zaFX dv
3 r OX oy oz

oF, oF, OF,
+I Y| X yEJFZE dv

+I%z(zan+y%';Z 66': jdv
r z

OoX

—U%(XFX +yF, + zFZ)dV —%“v F}

—2r®sin@drd@dg

+.[—rcosé’raa rsin @drdddg — J' (xFX+yFy+zFZ)dV
a2 in2 H aﬁy
=J—sm Hcos¢—xdrd0d¢+J—S|n gsing—-drd@dg
r or r or

3 . GF, 3
+fF00595|nGﬁdrdadgé—fr—s(xﬁ+yFy+zFZ)dV
FA 101 - ay
={j3limg_)m_m{sin29005¢M]d«9d¢+fsm2Hcosqﬁ%FXdrdegé]
F,(r.,6, .
{IBIimHOR_}w[sinzHcosqﬁM]dedqﬂjsinzHcos¢%Fydrd9d¢}
’ r
- ( ] y¢) -2 3 -
+[ [3lim,_o . | sin? Ocosg—"—"—"~ |dGdg+ [sin’ O cosg— F,drdodg
’ r
3
—Ir—s(xFX+yFy+ze)dV
oF
- 3(_4_nanj+J'%xedV i3 Ay +j35yF dv
3 ox r 3 oy e

47 OF, 3 3
+{3[ 375 i )+J‘r—stde}—J‘r—5(xe+yFy+ze)dV

=-A4AnV-F.

Similar-tedious-calculations show that the other results are true.
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We next prove the orthogonality of the irrotational part of any field with the

solenoidal part of any field. To do this, we first prove the following two results:

VI%:I%W (49)
ijé:j%(FxA). (50)

We sketch proofs of these results—and one more—under the assumption that
fand A are differentiable.

Result 1: V_[%z '[r% fr.

Proof: We show the equality of the /~components of the two sides. Denoting

the integral on left-hand side by V; we have:

V(abe)=],

'sph

f
-

Carrying out differentiation into the inside of the integral, we have:

Y

a ‘roa

Using Lemma 1 above, the result follows immediately.
A 1
Result 2: Vx|—=|=(FxA).
LI EYSN
Proof: Again, we show the equality of the ;~components of the two sides. De-
noting the integral on the left-hand side by %, we have:
Ai+A j+AKk
F(abe)=], A+ AT+ AL

'sph r
So, the i-component of the left-hand side of VxF is:

1fon %A
J.r(ab_ac}

Using Lemmas 2 and 3 above, the result follows.
A -1
Result3: V-|—=|—=(F-A).
[EMEITN

Theorem 17 (orthogonality of irrotational and solenoidal parts). If F
and F, are any two once-differentiable fields that satisfy the assumptions of
Theorems 13, 14, 15,

[ -Fldv =0. (51)

Proof: From result 1 above, Fy =Vg for some scalar function & say. Now,

given a scalar function gand a vector function B, we have the identity:

Vg-B=V-(gB)-gV-B.

So,
Fo R =V-(9F%)-9(V-F.)=V-(9gF)-0,

by Theorem 17. We then have:
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[Fe-Fldv =[v-(gF)=0,

r=
r

by Lemma 1if lim,_, . [[dodgsin® ocosg| rgF?, | :j =0.

Corollary 2. 1) If a vector field is orthogonal to all solenoidal fields, it must be
irrotational; 2) If a vector field is orthogonal to all irrotational fields, it must be
solenoidal.

Gui and Dou [11] mention the orthogonality only in passing (Proposition 4, p.

288) without citing any references.

6. Moving Differentiation into inside of an Integral: A New
Proof of Helmholtz’'s Theorem

We now illustrate how the operation of differentiation with respect to a rectan-
gular coordinate applied to an integral is equivalent to an integral in spheri-
cal-polar coordinates involving an integrand which has a derivative. Commonly,
this is known as interchanging the order of integration and differentiation, or
carrying out a differentiation into the inside of an integral. In textbooks on Elec-
tromagnetism this procedure is used to move the “del” operators into the inside
of an integral for later manipulations. We will use this procedure to prove Helm-
holtz’s Theorem. We will illustrate this first with an existence theorem for a first-

order PDE system. The existence theorem appears to be new.

6.1. An Existence Theorem for a PDE System

This is a “converse” of Theorem 4 which amounts to a solution of the simplest
3-variable partial differential equation problem: find a function W(X, Y, Z) such
that:

ow oW oW
o f(xv,2), E_g(x,y,z), E_h(x,y,z).

It can also be viewed as a statement of sufficient conditions under which a
function exists with specified gradient (of course, the solution will not be unique
in the absence of boundary conditions).

Theorem 18. Under the assumptions that the functions f,g,h have conti-
nuous partial derivatives and satisfy the conditions:

of 69 og oh oh of
oy X
and that f,g,h—>0 as r — o, if wis given by:
w(a,b,c)= —ik%[xf (x+a,y+b,z+c)+yg(x+a,y+b,z+c)
+zh(x+a,y+b,z+c)]dxdydz,

where r =./x?+y®+z°, then we have:
w_ow_ow_,
oa ob oc

Proof: It is tempting to bring the derivative under the integral sign, but the
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integrand is not defined at one point, namely, (0,0,0). So, we use the rectangu-
lar to spherical-polar transformation so that:

%LQ %[rsin gcosg f +rsindsingg +rcosoh]r? sin gdrdodg
TC " Tsph I

w(a,b,c)=-

= —%IRS [sin@cos¢ f +sin@sin gg +cosGh]sin ddrdod 4.
TT

'sph

Note that f,g,h in the integrand above are to be evaluated at
(a+rsin ecos¢,b+rsinecos¢,c+rc059), thus contain a,b,c as parameters
and are differentiable with respect to them, so that using the rule of “differen-

tiating under the integral sign”, we get:

w = —ij . | sin Hcos¢i+sin asin ¢6_g+ cosé’a—h sin@drdad¢
oa 47 7 Repn ol il ol
of 6g oh
where —,—g,— denote the partial derivatives of f,g,h with respect to the
ol ol o1
first “component”. But by the assumption above,
y_a oh_of
o1 92" a1 03’
so we have:
w_ —ij . [sin 9cos¢ﬁ+sin gsin ¢i+ cos Hi}sin fdrdodg
oa 470 " Repn ol 02 03
=—ij' 3% xi+ yi+ zi dxdydz
4Ry OX oy oz

=—4—1n[—4nf (ab,c)]
=f(a,b,c)

by Theorem 4. Similarly, we can prove — =0, w_
aob ac

Remark 17: Note how use of spherical-polar coordinates has allowed diffe-
rentiation under the integral sign with impunity, which would not be possible if
we had [(X— a)2 +(y—b)2 +(z —C)ZJ in the denominator of the integrand.
Gauss uses spherical-polar coordinates in his paper on the “inverse square law of
force” to calculate derivative of the potential function in his proof of Poisson’s
equation. Green somehow does not use spherical-polar coordinates.

Remark 18: In the “recovery” formula given by Theorem 4, one does not re-
quire conditions of equality of the second-order mixed partial derivatives. In-
deed, we did not require even the existence of the second-order derivatives.
However, in proving the existence theorem on the solution of the PDE problem,
we have invoked the equality of the second-order mixed partial derivatives. Per-
haps, with a suitable modification of our argument, one may be able to dispense
with that requirement. In the partial differential Equation (PDE) view, the Lap-

lacian result says that a function is determined by its second-order partial deriv-
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atives, whereas our result says that it is determined by its first-order derivatives.

In both cases, the solution can be obtained by a “simple” volume integration.

6.2. Helmholtz Theorem

We first state and prove a theorem, which gives one aspect of Helmholtz’s Theo-
rem, requiring weaker assumptions. This aspect of Helmholtz’s Theorem is an
existence theorem which shows the existence of a vector field having a prescribed
divergence and curl, subject to the condition that the prescribed curl has zero
divergence. The other aspect is a decomposition theorem which states that any
continuously differentiable vector field can be decomposed into two “compo-
nents”, one of which is the gradient of a scalar field and the other is the curl of a
vector field, and that these “generating” fields can be obtained from the original
vector field. Zhou [10] and Gui and Dou [11] have a good discussion of various
proofs of the Helmholtz Theorem given in many references.

Theorem 19 (existence of field with specified divergence and curl). If fis a
given continuously differentiable scalar function and A is a given continuously

differentiable vector function such that v.A =0, then the function W defined
by:

1 1., .
W(a,b,C)z—E_[Rng[fr—rxA],
satisfies:

V-W=f and VxW = A

Thus, there exists a vector field with a specified divergence value and a speci-
fied curl value, provided the curl value has zero divergence.

Proof: For the components of W we have:

1
Wx(a'b'c):_4n.[pe3 3[xf(x+a y+b,z+c)—yA (x+a,y+b,z+c)
+sz(x+a,y+b,z+c)J,
W, (a,b,c)= .[RS 3[yf x+a,y+b,z+c)-zA (x+a,y+b,z+c)

+xAZ(x+a,y+b,z+c)],
Wz(a,b,c):—iJ’Rsris[zf (x+a,y+b,z+c)—xA (x+a,y+b,z+c)

+ YA (x+a,y+b,z+c)].

As above, using the rectangular to spherical-polar transformation, we get:

(a,b,c) :——J' (sin@cosg f —sindsin gA, +cosOA )sinOdrdods,
(ab, c :——'f smasin(/ﬁf —COSOA, +sin9005¢Az)sin fdrdadg,

W, (a,b,c):—%j (cos&f —singcosgA, +sindsin ¢AA)sin Adrdédg.
T
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Note that the arguments of the functions £ etc., contain a,b,c as parameters.
Carrying out differentiation under the integral sign, and noting that the partial

derivatives of the functions with respect to a have the same value as the deriva-
tives with respect to x; we get:

ow,

a,b,c
pal L)
0
o1 sin¢9cos¢ﬂ—sin63in¢%+cos¢9i sinddrdédg,
41‘[ Rsph al 61 al
1 1( of AZ 5Ay
=——| ;= x—- dxdydz.
4n R3r3£ x VU ax axj d
Similarly,
oW,
—y(a,b,c):—ij' 13 I _ A A dxdydz
ob 4 ay oy oy
7]
oW, (a,b,c)z—i 3%{26f xi+y%dedydz.
oc 4n "R r oz oz oz

Adding the three partial derivatives above, and using Theorem 1 and Theo-

rem 5, we obtain:

V-W=f.
Next, we compute (VXW )X:
oW
(vxw), =W T
* ob  oc
0
:—i cosei—sin¢9cos¢§i+sin6’sin¢ai
47‘[ Rsph 82 62 02

—[ysin osin ¢ﬂ—coseﬂ+sin Hcos;éaij sin@drdédg
03 03 03

1I 1|:[zi—xﬂ+y—] (yﬂ— %+X%dedydz
Z 0z

Tl

1 OA‘ &+zai + zﬂ—yﬂ]
C4n R3 Elers ay oz oy oz
(aA‘ Ay aAZ H dxdydz

OX 6y
=A

ﬂ+ aaﬁj =0 and using Theo-
z

because of the assumption that V. A=| —+
oxX oy

rem 4 and Theorem 5 once again.
Remark 19: Note that in the proof above, we have virtually proved the fol-

1 1. .
lowing two results for the two parts of W, W, = 4—.[R3 — fF and
T r
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I S
_EJ.R3I’—3I’><

VW =1, VxA=0,

and:

VW, =0, VxW, = A

To prove the decomposition aspect of the Helmholtz Theorem, in view of our
new Poisson Formula, it suffices to use the Result 1 and 2 of the previous sec-
tion.

We now state:

Theorem 20 (Helmholtz theorem, existence of decomposition). If Fis a
given continuously differentiable vector function, there exists a scalar function V'
and a vector function A4 such that:

F=VV+VxA

where Vand A are given by:
1,.V-F A 1 ,VxF
4’ r ' 47 r

Obviously, vv has zero curl, and vx A has zero divergence. Thus, any

arbitrary vector field can be decomposed into a zero-curl part and a zero-divergence

part.
Proof: This follows from the Results 1 and 2 of the previous section and our
formula:
1 1 - q
F R R3r—3[(v-F)r —Fx(VxF)]av.

The function V'is usually called the scalar potential function and A the vector
potential function generating F. The above two expressions are the ones com-
monly given. But using our Theorems 14 and 15, the same functions are also
given by the following expressions which do not involve any v, that is to say,
differentiation operation.

iRy A= S (rxF).
4n 4n’r
Interestingly, there is a close similarity between these expressions and the fol-

lowing one:

Such a “decomposition” or “representation” of any arbitrary vector in terms
of another arbitrary vector follows immediately from the “vector algebra” iden-
tity:

UX(VXVT/) = (U-W)V—(U-V)W,
and is used in Clifford geometric algebra. Perhaps, there is some deeper connec-

tion here!

Corollary 3 (Poisson’s theorem of electrostatics).
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1.
V~(J'R3Ffr]=—4nf.

Remark 20: The Poisson Theorem of Electrostatics is more commonly stated
as VAV = p where V denotes the potential function corresponding to the
source density function . The proofs given in most textbooks use the Diver-
gence Theorem and “suffer” from the defect that they assume that the potential
function is twice-differentiable. Gauss’s proof was probably the first to show that
the potential function Jis twice-differentiable, though under the assumption that
the density function , is once-differentiable. Our proof also makes this as-
sumption. Interestingly, Kellogg [15] proves the result without making this as-

sumption, but assumes what is known as a Holder condition.

7. A New Proof of the Divergence Theorem

In this section, we prove the Divergence Theorem, employing spherical-polar
coordinates, which will further illustrate the “power” of these coordinates used
along with rectangular coordinates. We need to prove it because we have a new
definition of a surface.

Theorem 21 (divergence theorem). If a region Vis enclosed by a surface S
and F:R®— R?, then:

[[V-F=|F.dS.

Proof: As in the classical proofs of the Theorem, we prove the equality of the
corresponding three terms on the two sides of the desired equation. In the rec-
tangular coordinates proof, it is usually required that the surface is such that it is
“raised” on its projections on each of the three coordinate planes. We do not
require this because we have used a different definition of a surface.

X

We first consider the integral of the part of the divergence and the

corresponding part on the right hand side. We use the expression for the surface
element dS as calculated earlier. We denote the functions associated with F,
by G, . We will show that:

J' j¢ G, | Ssin ¢§—Ssin Qcosecos¢§
- o9 0
(52)
+S%sin’ Qcosqﬁ}d@dgb.
We have:
[ o, L= sin? Hcos¢ oG, 196,
Vet OX Ve Sin 6
aGX}rZ sin@drdodg¢
r o¢
=j sin®@cosg| r’ G, +1CoS¢#sin &cos oG, drdod¢
Vsph r 6¢
=L +1,+1;,
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where:

=0 Jg=0 Jr=0

l, = j:: j‘”zzn jrzs(g"”)sin2 O cosgr [%)drded;ﬁ,

oG,
00

o= pp=2n (r=5(0,9) .
L= I¢:o [ rcos¢sm9cos¢9(

jdrd@dqﬁ,

¢=0 Jr=0

I, = ::On J‘M“ J‘rzs(g’m—rsin ¢£8@G¢; jdrd&dgﬁ.

0G
Then, looking at the factor a—x in 1, we use integration by parts with
r

respect to r first. Note that this is justified although the upper limit of the
integral with respect to r is not a constant but S(6,¢) which depends on o
and ¢ which are involved in the other two integrations. We get:

r=s

r=0

I = [0 [ sin Gcosg[ 1°G, (r,6,6)] " dodg
—fvsinzecos¢2erdrd6d¢
= [, [, sin 0cos ¢S (0,¢)° G, (S (60,¢),0,¢)dodg
—ZIV rsin® @cos ¢G, drd@d¢.

sph

We cannot integrate by parts with respect to ¢ in |, and with respect to
¢ in |; because this will involve interchanging the order of integration with
respect to z; the upper limit of which is a function of @ and ¢. So we will use
our “twisted” Leibnitz to transform 1, and I,.

Working on 0G, /060 in |, first, using our “twisted Leibniz” and o as the

parameter:

(7509 Degr ldodg
o6

r=0

O=n r¢=2n .
L=, L:O cos¢sm490056{

= ::;‘ IZ:Ozncos¢sin 90050[—%8 (6,9)G, (S (49,¢),49,¢)

0 (s(6.9)
+£jo rGXdr}dedgé

= j:j"cosqﬁsin 6’0056%8 (6.)G, (5(6.4),0,4)dods

p=2n o= . 0 (s(0.9)
+ cos¢[j Osmecow%(jo erdr)dH}dqﬁ

¢=0 0=

- 0”:0” j::oz“cosqﬁsin GCOSQ%S (6.4)G,(5(6.4),6.4)d0d¢

+ j::ozncos ¢I::;[—(cosz 6 —sin® 9)(.[5(g'¢)erdr)d9}d¢

- ::On I::02”005¢sin 90059%8 (0.4)G,(S(0.4).0.4)dodg

~[, cosg(cos® 6—sin® 0)rG,.

sph

Working on |, next, using our twisted Leibniz again:
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I¢ 21 i J-r s(e¢)r6GXdr dodg
o¢

s mq{——SG +a—a¢(j’ Rare dr)}d@d(/ﬁ

o 2“sinqﬁ—se dodg- [ W i a¢(jr’:os(9‘¢) rGXdr)dyﬁ}da

. 2"smqﬁ—se dodg jg:[j"’:z“—cos¢(jr’;s("‘¢) rGXdr)d¢]d9

$=0

j*’ “si SG d9d¢+j CosgrG, .

Adding the three new expressions for 1,1,,l,, and noting that the three
J. terms add up to zero, we obtain the desired equality (52).

sph
It remains to patiently verify the equality of the remaining two terms on the

two sides—or appeal to “symmetry”.

8. Application to Maxwell’s Equations

8.1. A Modified Approach to Maxwell’s Equations

We refer to the discussions on “Generalized Biot-Savart Law” in Griffiths and
Heald [16], on “Generalized Helmholtz Theorem” in Davis [17] and Woodside
[18], and on “Can Maxwell’s equations be obtained from the continuity equa-
tion?” by Heras [13].

In our modified approach, we will retain two of the “Maxwell” equations in

their usual form, namely:

V.E=1p, (53)
&o
vxE=_8 (54)
at’

buttake Bas definedby Jefimenko’s formula [6], namely:
B:&I([J]err[@J/@t]erdvl (55)

41 ri cr?

where the square brackets mean that the contents are to be evaluated at the re-
tarded time. Here, it is tacitly assumed that /is conduction current (Jefimenko
prefers H over B, so that he gives the formula for H). Jefimenko’s formula for B
is, in principle, susceptible of experimental verification, and can, therefore, be
called a Generalized Biot-Savart “Law” (incidentally, Maxwell in his Treatise
does not even mention the Biot-Savart Law. He seems to prefer Ampere’s For-
mula vxH =J). It satisfies the Maxwell equation:

V-B=0. (56)

Remark 21: Note that Jefimenko did not define B by his formula but rather

derived his formula by using the other two “Maxwell” equations:
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B
vxE=-B8 (57)
ot
VxB = p,J + 4y, OE/0t, (58)

deducing, as is done in text-books, that B satisfies a wave equation, and then ob-
tained a solution of the wave equation, using what he calls the “Wave Field
Theorem”. It is not the only solution. Indeed, we can add any time-independent
solution Z of the equation VxL =0 to obtain another solution (incidentally,
Griffiths’s [8] may be the only textbook which highlights Jefimenko’s work).

We can then write the solution of the first two Maxwell equations using our

recovery formula and Jefimenko’s Bas:

1 1 -
E:__4EIR3—r3[(V-E)r—rx(VxE)]dV (59)

1. 1[1
:_EjRar_{gpr_rx(—aB/at)}dv, (60)

where the integrands , and B are not to be retarded. Thus, one need not talk
about retarded Coulomb and Faraday fields since the actions of the p field and
the defined B-field are not retarded in their action in our formula above (this is
important because the equations can be extended to material media by simply
changing ¢, to &,¢, ). The modified B field, however, is determined not only
by J through retarded action but also by the time-derivative of J through re-
tarded action (Biot-Savart Law has only /). Note that our formula for £ does not
involve any self-reference since Bis defined explicitly by Jefimenko’s formula.

We finally show that our E given by the formula above with Jefimenko’s B sa-
tisfies Maxwell’s fourth equation.

Since V-(VxB)=0, using our recovery formula for vxB , we get:

1 1 1 0°B
VxB :_4_71: l:—F(rX[VXJ —C—ZQJJ} (61)

Using our recovery formula for /.

1.1 1
J=——|| =(V-I)r—=rxvVxlJ 62
4n (r3 (v-9) re j (62
. op . oL . .
and since V-J= a0 differentiating our solution for £ above and comparing,

we have Maxwell’s fourth equation. Of course, we assume the continuity equa-
tion, dp/ot+V-J =0, to hold, so that , and Jare not independent sources
for the fields (compare with Heras’s [13] derivation using & -functions). Thus,
if we accept the “action-at-a-distance-with-delay-proportional-to-distance” im-
plied by the formula for B, we have the standard “field” description for both B
and E.

This is our modified approach which is, of course, un-Maxwellian because it
does not invoke the displacement current. But now, a very surprising fact! We

will show that B as defined by Jefimenko’s formula satifies a wave equation
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without invoking E at all and without invoking the equation of continuity. This
possibility has been missed perhaps because of concern about the displacement
current.

We first calculate v xB (note all the integrals are with retarded arguments):

11_ 0[3]. 118°[J]
=V - : 63
cr? o ar ot (63)

1 1
VxB=J—-——|| -=V-|J|r
8 4nJ‘( re []r

But now we apply v x again to get:

VxVxB
o°[3 o*[J 64
=V><J—ij 0—0—l2 1(—%} rx [2] +1gi2 rx [2] (64)
4 colrir ot cotr ot
1 6°B
=VxJ +C_2_a‘[2 , (65)
s0, since V-B =0, we have:
1 &°B
—VZBIVXJ-FV—ZW, (66)

the wave equation.

8.2. Some Remarks

First a remark on mutuality of forces (Newton’s Third Law). It is usually pointed
out that the Biot-Savart—actually, Grassmann—Law for force exerted by one
“current element” on another does not satisfy Newton’s Third Law of Motion.
Jefimenko’s formula for £ shows that moving charges (9p/ct ) and accelerated
charges (0J/6t) exert a force on a stationary charge in addition to the Coulomb
force. If mutuality is to hold, a stationary charge , should exert a force on
moving and accelerated charges, in addition to the Coulomb force.

Finally, some closing remarks on “Fields versus Action-at-a-distance”, nature
of “sources”, and “causality”, are in order. The “cause” of the fields £ and B are
p and J, subject to the Continuity Equation, in the sense that they determine
the fields uniquely—which really means that we can calculate them. But they
cannot be chosen at will because they are not only subject to practicallimitations,
but also limited by the “fact” that they change under the action of the fields that
they themselves produce collectively. Thus, we assume that /and E are related
depending on the medium, whether a conductor or a dielectric. The fields act
locally, as evidenced by the Lorentz formula, but they are not caused or pro-

duced locally. Thus, even in the electrostatic case, although the equation

V-E= el £ holds locally, ie, at each “point” of “space” and at each instant of
o

time, p at a point and a time-instant does not determine FE at that point and
time-instant. The set of all the values of , at all the points of space collectively
determine F—and this involves action-at-a-distance, and perhaps even with a

time-retardation. Strictly speaking, even F does not “determine” v.E locally;
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only E over a region of space no matter how small determines v.E. Thus,
what exists and happens in each and every “region” of “space” affects what hap-

pens everywhere.

9, Conclusion

In the present contribution, a number of new formulas for 3-dimensional vector
fields have been derived and new proofs given for some classical results, such as
the Helmholtz Theorem and the Divergence Theorem. A new definition of a
surface is given and used to derive a new result. Orthogonality of the irrotational
+ solenoidal decomposition is proved. As an application, a new approach to

Maxwell’s equations is suggested.
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