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Abstract 
In this paper, the numerical solution of the boundary value problem that is 
two-order fuzzy linear differential equations is discussed. Based on the gene-
ralized Hukuhara difference, the fuzzy differential equation is converted into 
a fuzzy difference equation by means of decentralization. The numerical solu-
tion of the boundary value problem is obtained by calculating the fuzzy diffe-
rential equation. Finally, an example is given to verify the effectiveness of the 
proposed method.  
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1. Introduction 

Many engineering system problems are too complex to be directly converted in-
to system equations to solve, and they often involve parameter uncertainties, 
which often appear as the fuzzy numbers. Therefore, when solving such prob-
lems, it is often necessary to model it to a fuzzy differential equation to consider, 
which always makes the solution of fuzzy system equations very important. 

Prior to discussing fuzzy differential equations and their associated numerical 
algorithms, it is necessary to present an appropriate and brief introduction to the 
derivative of the fuzzy-valued function. The concept of a fuzzy derivative was 
first introduced by Zadeh [1], followed up by Dubois and Prade [2] who used the 
extension principle in their methods. Other fuzzy derivative concepts have been 
proposed by Puri and Ralescu [3] as an extension of the Hukuhara derivative of 
multivalued functions.  

In recent years, many scholars have made profound research on two-order 
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differential equations given the fuzzy boundary conditions. Wu, Q. [4] discussed 
the uncertainty of the two-point boundary value of the two-order differential 
equation. Using the fuzzy simulation principle and different methods, the nu-
merical solution of the boundary value problem is obtained. Regan, O. et al. [5] 
proved a prior result on the solvability of fuzzy boundary value problems based 
on the generalized Schauder theorem. Wu, C.X. et al. [6] proved that the exis-
tence of analytical solutions of fuzzy boundary value problems completely de-
pends on the definition, structure and properties of fuzzy numbers. Guo et al. 
[7] [8] studied the approximate solutions of two-order linear differential equa-
tions with several fuzzy boundary conditions. In this paper, we investigate the 
boundary value problem of two-order fuzzy linear differential equations. 

2. Preliminaries 

Definition 2.1 [1]: A fuzzy number is a fuzzy set like [ ]: 0,1u R I→ =  which 
satisfies: 

1) u is upper semi-continuous; 
2) ( ) 0u x =  outside some interval [ ],c d ; 
3) There are real number ,a b  such that c a b d≤ ≤ ≤  and a) ( )u x  is mo-

notonic increasing on [ ],c a ; b) ( )u x  is monotonic decreasing on [ ],b d ; c) 
( ) 1,u x a x b= ≤ ≤ . 
Definition 2.2 [2]: A fuzzy number u in a parametric form is a pair ( ,u u ) of 

functions ( ) ( ),u r u r , 0 1r≤ ≤  which satisfies the following requirements: 1) 
( )u r  is a bounded monotonic increasing left continuous function, 2) ( )u r  is 

a bounded monotonic decreasing left continuous function, 3) ( ) ( )u r u r≤ ,   
0 1r≤ ≤ . 

Definition 2.3 [1]: Let ( ) ( )( ) ( ) ( )( ), , , , 0 1x x r x r y y r y r E r′= = ∈ ≤ ≤  and 
arbitrary k R∈ , then: 

1) x y=  i.f.f. ( ) ( )x r y r=  and ( ) ( )x r x r= ; 
2) ( ) ( ) ( ) ( )( ),x y x r y r x r y r+ = + + ; 
3) ( ) ( ) ( ) ( )( ),x y x r y r x r y r− = − − ; 

4) 
( ) ( )( )
( ) ( )( )

, , 0,

, , 0.

k x r kx r k
kx

kx r k x r k

 ≥= 
<

 

Definition 2.4 [9]: Let ,x y E′∈ . If there exists z E′∈  such that x y z= + , 
then z is called the Hukuhara difference of fuzzy numbers x and y, and it is de-
noted by z x y= − . 

Definition 2.5 [10]: Let [ ]: ,f a b E′→  and [ ]0 ,t a b∈ . We say that f is Hu-
kuhara differential at 0t , if there exists an element ( )0f t E′ ′∈  such that for all 

0h >  sufficiently small, ( ) ( ) ( ) ( )0 0 0 0,f t h f t f t f t h∃ + − − −  and the limits: 

( ) ( ) ( ) ( ) ( )0 0 0 0
00 0

lim lim
h h

f t h f t f t f t h
f t

h h→ →

+ − − −
′= =  

Definition 2.6 [11]: The second-order fuzzy differential equation: 

( ) [ ], , , ,y f t y y t a b′′ ′= ∈                        (2.1) 
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with the fuzzy boundary value conditions: 

( ) ( ), , ,y a y b Eα β α β ′= = ∈ 

                      (2.2) 

is called the two-order fuzzy boundary value problems, where ( ) ( )( ),r rα α β= . 
In this paper, we mainly study the boundary value problem of two-order fuzzy 

linear differential equations, under the condition of parameter numbering. 

( ) ( ) ( ) [ ]
( ) ( )

, ,

, ,

y p t y q t y g t t a b

y a y bα β

′′ ′ + + = ∈


= =

  



 

               (2.3) 

where , Eα β ′∈  are fuzzy numbers, ( ) ( ),p t q t  are coefficient function. And 
parameter form is: 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

, , , ,

, , ,

, , , ,

, , ,

y t r p t y t r q t y t r g t r

y a r r y b r r

y t r p t y t r q t y t r g t r

y a r r y b r r

α β

α β

′′ ′ + + =


= =


′′ ′+ + =


= =

           (2.4) 

where [ ], , 0 1t a b r∈ ≤ ≤ . 

3. The Establishment of the Difference Method 

For the boundary value problem of two-order fuzzy linear differential equations, 
we are going to discuss the establishment of the difference method and study its 
solvability in this section. 

First, we use the following first-order difference quotient to approximate the 
first derivative ( )f t′ , which is: 

( ) ( ) ( )0 0y t h y t
y t

h
+ −

′≈  

or: 

( ) ( ) ( )0 0y t y t h
y t

h
− −

′≈  

or: 

( ) ( ) ( )0 0

2
y t h y t h

y t
h

+ − −
′≈  

Then the second derivative can be approximated by the first-order difference 
quotient of the first-order difference quotient, that is, 

( ) ( ) ( ) ( )0 0 0
2

2y t h y t y t h
y t

h
+ − + −

′′ ≈ . 

Let the integral interval [ ],a b  be divided into N equal parts, the step size is 
b ah

N
−

= , Its node is 0 , 0,1, ,nNt t nh n N= + =  . Then use the difference quo-
tient instead of the corresponding derivative, and the fuzzy differential boundary 
value problem (2.3) can be descreted into the following fuzzy difference prob-
lem. 
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1 1 1 1
2

0

2
, ,

2
, , ,

n n n n n
n n

N

y y y y y
f t y

hh
y y Eα β α β

+ − + − − + − =  
 

 ′= = ∈

  



 

 

               (3.1) 

According to the different ( )p t  and ( )q t  symbols, we discuss the solution 
of equation (3.1) from the following four case.  

Case 1: ( ) 0p t >  and ( ) 0q t > , the difference form of the fuzzy boundary 
value problem (2.3) is: 

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

1 1 1 1
2

0

1 1 1 1
2

0

2

2
,

2

2
,

n n n n n
n n n n

N

n n n n n
n n n n

N

y r y r y r y r y r
p q y r g r

hh
y r r y r r

y r y r y r y r y r
p q y r g r

hh
y r r y r r

α β

α β

+ − + −

+ − + −

 − + −
 + + =

 = =


− + −
+ + =


 = =

  (3.2) 

Finishing the following the ( ) ( )2 1 2 1N N− × −  order matrix equations, in the 
form of: 

( )
( )

( )
( )

1 11 2

2 1 1 1

N N

N N

Y r B rA A
A A Y r B r

− −

− −

    
=           

                 (3.3) 

where: 

2
1 1

2
2 2

1

2
2 2

2
1

1 0 0
2

1 1 0
2

0 0 1
2

0 0 1

N N

N

hq h p

hq h p
A

hq h p

q h

− −

−

 + 
 
 + 
 =
 
 

+ 
 
 
 





    





, 

2

2 0 0

2 0
2

0
0 0 2

h
A

− 
 
 − −

=  
 
  − 





  



 

( ) ( ) ( )( )1 1 1
, ,N N

Y r y r y r
Τ

− −
=  , ( ) ( ) ( )( )1 1 1, ,N NY r y r y r

Τ

− −=   

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2 2 2
1 11 2 2

2
11

, , , ,
2

1
2

N N

NN

hB r g r h p r r g r h g r h

hg r h p r

α α

β

− −

Τ

−−

= + −


 − +  
  



 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2 2 2
1 1 1 2 2

2
1 1

, , , ,
2

1
2

N N

N N

hB r g r h p r r g r h g r h

hg r h p r

α α

β

− −

Τ

− −

= + −


 − +  
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Case 2: ( ) 0p t <  and ( ) 0q t < , the difference form of the fuzzy boundary 
value problem (2.3) is: 

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

1 1 1 1
2

0

1 1 1 1
2

0

2

2
,

2

2
, ( )

n n n n n
n n n n

N

n n n n n
n n n n

N

y r y r y r y r y r
p q y r g r

hh
y r r y r r

y r y r y r y r y r
p q y r g r

hh
y r r y r r

α β

α β

+ − + −

+ − + −

 − + −
 − − =

 = =


− + −
− − =


 = =

   (3.4) 

Finishing the following the ( ) ( )2 1 2 1N N− × −  order matrix equations, in 
the form of: 

( )
( )

( )
( )

1 11 2

2 1 1 1

N N

N N

Y r D rC C
C C Y r D r

− −

− −

    
=           

                (3.5) 

where: 

1
1

0 1 0

1 0 0
2

0 0 0

h p
C

 
 
 −

=  
 
  
 





   



,  

( )
( )

( )

2
1 1

2
2

2

2
1

2 0
2

0 2 0

0 0 2 N

hq h p

q hC

q h−

 − + − 
 
 − +=  
 
  − + 





   



, 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2 2 2
1 11 2 2

2
11

, , , ,
2

1
2

N N

NN

hD r g r h p r r g r h g r h

hg r h p r

α α

β

− −

Τ

−−

= + −


 − +  
  



 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2 2 2
1 1 1 2 2

2
1 1

, , , ,
2

1
2

N N

N N

hD r g r h p r r g r h g r h

hg r h p r

α α

β

− −

Τ

− −

= + −


 − +  
  



 

For Case 3: ( ) 0p t <  and ( ) 0q t >  and Case 4: ( ) 0p t >  and ( ) 0q t < ,  
We can consider them by the same way. 
Theorem 3.1 The solution of the fuzzy difference problem exists and is 

unique. 
Proof First, we can eliminate the first-order difference in the fuzzy difference 

equation by appropriate transformation of the independent variables. 
According to the results of the Negoita-Ralescu Characterization Theorem 

[12],  
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( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

1 1
2

0

1 1
2

0

2

,

2

,

n n n
n n n

N

n n n
n n n

N

y r y r y r
q y r g r

h
y r r y r r

y r y r y r
q y r g r

h
y r r y r r

α β

α β

+ −

+ −

 − +
 + =

 = =


− +
+ =


 = =

            (3.6) 

Just prove that the corresponding homogeneous linear equations as: 

( ) ( ) ( )
( )

( ) ( )
( ) ( ) ( )

( )

( ) ( )

1 1
2

0

1 1
2

0

2
0

0, 0

2
0

0, 0

n n n
n n

N

n n n
n n

N

y r y r y r
q y r

h
y r y r

y r y r y r
q y r

h
y r y r

+ −

+ −

 − +
 + =

 = =


− +
+ =


 = =

             (3.7) 

have only zero solutions. Obviously, the positive and negative minimum values 
of ny  can only be 0y  or Ny  Also known by the boundary condition  

[ ]0 0,0Ny y= =  , all [ ]0,0ny = . 

4. Numerical Example 

Example 4.1 Consider the boundary value problem of fuzzy differential equa-
tions as follows: 

[ ]
( ) ( )
( ) ( )

, 0,1

0 0.1 0.1 , 0.1 0.1

1 0.1 ,1 0.1

y y t t

y r r

y r r

′′ − = ∈


= − − +
 = − +

 





 

The exact solution is follows: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

, 0.1 0.1 cos 0.1 sin

, 0.1 0.1 cos 1 0.1 sin

Y t r r t r t t

Y t r r t r t t

= − + − −


= − + + + −
 

Converting the boundary value problem of fuzzy differential equations into 
boundary value problems of fuzzy difference equations, take the step size of 0.2,  

the node ( ), 0,1, 2,3, 4,5
5n
nt n= = , then its matrix form is: 

1

2

3

4

1

2

3

4

0 1.1 0 0 1.96 0 0 0 0.092 0.1
1 0 1.1 0 0 1.96 0 0 0.016
0 1 0 1.1 0 0 1.96 0 0.02
0 0 1 0 0 0 0 1.96

1.96 0 0 0 0 1.1 0 0
0 1.96 0 0 1 0 1.1 0
0 0 1.96 0 0 1 0 1.1
0 0 0 1.96 0 0 1 0

y
r

y

y

y

y

y

y

y

 
− −  

  −  
  −
  

−   =  −
  

−  
  −   −    

 

4
0.032

0.092 0.1
0.016
0.024
0.032

r

 
 
 
 
 
 
 − −
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Then, the solution of the boundary value problem of fuzzy differential equa-
tions is: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

2 3

2 3

, 0.045 0.100 0.157 0.083 0.032 0.060 0.090 0.030

, 0.135 0.100 0.003 0.083 0.142 0.060 0.033 0.030

Y t r r r t r t r t

Y t r r r t r t r t

 = + + − + + − + + − +


= − + + − + + − + + − +
. 

5. Conclusion 

In this paper, an approximate method based on a positive basis for the undeter-
mined coefficients second-orders fuzzy linear boundary value problems was 
discussed. A class of boundary condition and the general case were considered. 
According to the sign of coefficient functions of the fuzzy linear differential equ-
ation, the corresponding function systems of linear equations were composed. 
And then, fuzzy approximate solutions were obtained by solving a crisp function 
extended system of linear equations. For next investigation, we can consider the 
other class of boundary conditions by the same method. 
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